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SUMMARY 
This work describes an investigation into the frictionally 
induced, self excited vibrations which occur in braking systems and 
are generally known as squeal. The.work is largely theoretical, but 
measurements made on a rig are used to correlate the predictions of 
the theory with a practical brake system. 
Following an historical review, the theoretical behaviour of 
a brake disc is examined and adapted to predict the approximate natural 
frequencies and nodal spacings of an annular disc for a range of masses 
added to the disc to represent the pads and caliper. 
Knowing the disc behaviour, it is then possible to propose an 
eight degree of freedom model which describes the caliper, pads and a 
lumped model of the disc in the immediate vicinity of the caliper. From 
this model it can be shown how self excited vibrations can arise in such 
a system, and squeal frequencies and mode shapes can be predicted. 
The effects of stiffness non-linearity in the system are then 
investigated and it is shown that limit cycles will occur; conditions 
for obtaining mode shapes at the limit cycle are defined. 
An experimental rig is described and measurements made on 
the rig are given in some detail. Parameter values are inserted in 
the mathematical models and mode shapes and natural frequencies are 
computed. These are compared with the measured mode shapes and 
natural frequencies to give an assessment of correlation between the 
theory and the actual vibrational behaviour. 
Despite the simple nature of the model used to represent the 
brake system, and the fact that a number of parameters are only known 
within wide limits,.correlation between the measured mode shape and 
squeal frequency and the calculated mode shapes and frequencies can be 
made good by the choice of suitable parameter values within the defined 
limits. For example, a 26% reduction in the caliper stiffness altered 
the mode of the disc vibration and hence caused a large change in squeal 
frequency, but insertion of the new parameter values into the equations 
showed that a corresponding instability was predicted at the correct 
frequency. 
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1. HISTORICAL REVIEW 
1.1 Introduction 
Brake squeal is a problem which has existed since the earliest 
days of friction brakes. The occurrence of squeal has no detrimental 
effect on the functional efficiency of the brake, indeed it has been 
said that a squealing brake is a good brake, but the high noise levels 
resulting from squeal and the frequency at which it occurs, which 
is in the region causing subjectively the greatest annoyance to 
the human ear, means that the elimination of squeal is an important 
consideration in the development of satisfactory braking systems. 
This elimination of squeal has always been a development problem, 
both for the actuating mechanism and for the lining material, since 
guide lines for the elimination of squeal at the design stage do not exist. 
Development methods used in the past have included reduction of the 
lining coefficient of friction, increase in the damping of the system 
and alteration of the dynamics of the system by changing masses or 
stiffnesses at various points on the brake or shoes. 
Apart from development of existing designs, the problem has 
been the subject of considerable experimental research since 1935, 
the date of the first published report. It is only comparatively 
recently however, that attempts have been made to synthesize a 
mathematical description of the squeal process. One reason for this 
is that, only with the advent of suitable numerical techniques and 
readily available digital computer power, has it become possible to 
solve the equations required to describe a system of the complexity 
of a brake caliper, pads and disc. 
In the review presented here, it is possible to trace the 
progress of squeal research from the early practical investigations 
into cause and effect to the more analytical approach of more recent 
times. A brief and general survey of the first twenty three references 
is given first in order to show the ground covered by the various 
authors. It may be seen from this section that the literature can be 
divided into three parts, each of which describes one of the existing 
theories accounting for squeal. 
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Following the review, a brief section is given, picking 
out the salient experimental features of the problem upon which 
the various authors agree, sub-dividing where necessary into 
sub-sections dealing with drum brakes and disc brakes. The 
following three parts deal at length with each of the three theories 
and examine critically how they fit in with observed facts. Finally, 
the last section indicates why a new approach is desirable and 
provides the justification for the research described in this thesis. 
Before embarking upon the review, it is, however necessary 
to define what is meant by the various terms describing the noises 
which may arise in braking systems. Tb quote from Reference 7, 
which was concerned with drum brakes, vibration in brake systems can 
fall into five classes. 
(1) Judder 
A very low frequency stick slip vibration of the wheel and 
brake assembly on the suspension or chassis. The torque-time trace 
shows a marked Saw tooth effect. The vibration generally occurs 
only at low speeds and is not resonant, since the frequency 
decreases with decreasing speed. 
(2) Hum 
A resonant sinusoidal vibration of about 100 to 400 Hz of 
the brake system on the suspension. The frequency is independent 
of speed. 
(3) Low frequency squeal 
Resonant vibrations of such parts of the brake system as 
the shoes and back plate from about 1300 to ~600 Hz. 
(4) Drum squeal 
High frequency resonant vibrations of the drum from about 
3000 up to 15,000 Hz. 
(5) Wire brush 
Very high frequency vibrations of the drum at up to about 
~O,OOO Hz. 
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In the case of disc brake squeal, categories 3 and 4 merge 
together to give the band of squeal which is predominantly in the 
range 2000 Hz to 3000 Hz. 
1.2 Review 
The first published work by Lamarque, Reference 1, was 
, , 
a collection of manufacturers and operators experiences together 
with a brief dissertation of the falling friction/velocity 
characteristio theory and largely served to define the problem which 
existed at that time. 
Mills, Reference 2, describes an experimental investigation 
into the problem and attempts to define the effects on squeal of 
various parameter changes. Areas where damping devices might be 
applied are identified. Reference 3, by the same author, is a 
review of damping methods current at the time. 
Hollmann, Reference 4, carried out an experimental investig-
ation into a range of friction pairs and concludes:-
(i) that the higher the magnitude of contact pressure, the 
more pairs exhibited frictional vibrations. 
(ii) up to a drum surface temperature of 100 degrees Centigrade 
tendency to squeal increases with temperature but, with 
further increase in temperature, this tendency rapidly 
diminishes. 
References 5, 6, 7, 10, 11 and 12 represent the M.I.R.A. 
work to date on thesubject.-The'first-three refer to drum brakes 
and the last three to disc brakes. The work was entirely experi-
mental and attempted to identify the effect of parameter changes 
on the modes of vibration; it was also Slanted heavily towards 
trying to find an effective antidote to the problem. This series 
of six reports provides a considerable fund of experimental data. 
References 8 and 9 by Basford and Twiss are companion papers. 
The first deals with the measurement of friction on laboratory 
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machines and quotes results. The second paper shows that an exam-
ination of the friction process can account for squeal being fugitive 
and then shows how oscillations can occur if the coefficient of fric-
tion falls with sliding velocity. The final part of the paper rates 
linings for squeal propensity according to the fall of friction 
with velocity and the shear elastic constant. 
Reference 13 by Spurr expounds the sprag slip theory of brake 
squeal. Reference 14 by Jarvis and Mills expounds the geometric 
coupling theory. These two theories differ from other theories in 
fundamental detail and are examined in Sections 1.5 and 1.6. 
Wagenfuhrer, Reference 15, refines the falling coefficient 
of friction theory and introduces non-linear stiffness and 
damping into the simple equations for the basic theory. The 
equations are explored in some detail. 
Gieck, Reference 16, introduces a method of analysis by high 
speed photography. The highest speed available was 3~00 frames per 
second. For drum brakes the fundamental frequency measured was 
176 Hz, so the oscillation was not a squeal oscillation and, in 
fact, the film showed that at this frequency the amplitude was 
.300 inches and all the movement was circumferential. For disc 
brakes the frequency was 116 Hz and the circumferential amplitude 
was .175 inches; the radial displacement, if any, could not be 
measured. 
In Reference 17, Teitelbaum, Suttle and Sung describe 
measurements on a friction test machine to measure friction and 
results are quoted. The paper then continues to describe instru-
mentation by means of accelerometers to measure the response of the 
brake shoe during squeal. Mode shapes and responses at various 
points are discussed. 
Reference 18, by Newcomb and Spurr, is a book on braking 
whose part author wrote Reference 13; the contribution on brake 
noise is limited to a brief review'of the subject. 
In Reference 19, Chikamori examines, in detail,the 
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falling coefficient of friction theory applied to drum brakes. 
The mode shapes of the drum and shoes are recognised and matched 
and the equations are simulated on an analogue computer. The 
conclusions include methods for alleviating noise, but the problem 
is left open. 
Reference 20 only deals with the subject very briefly since 
the author, Ehlers, quotes Reference ~5 as the final collation of 
- all the data. 
In Reference 21, Miller examines the use of a disc material, 
pearlitic grey iron, which has much higher internal damping than 
conventional materials. Tests on the material showed that grey 
irons have good wear resistance, improve brake effectiveness and 
can substantially reduce the occurrence of disc brake squeal. 
Reference 40 is a paper by Spurr, the author of Reference ~3, 
and demonstrates a connection between the theories of References 
~ and 14. Reference 41 is, in effect, a continuation of 
Reference 14 by different researchers, Earles and Soar, and uses a 
similar model of a disc brake, but employs simpler lumped mass 
theory. The results of these two papers are examined in more 
detail in Section 1.6. 
Reference 22 is a review, by the author of this thesis, 
on which this introduction is based. 
1.3 Experimental Evidence 
Gathered together in this section are the salient 
points from the experimental evidence contained in the litera-
ture. Where possible the points made are such as to assist in 
the construction of a mathematical model or at least provide 
evidence for accepting or rejecting models which may be advanced. 
Other evidence is available, but the following points seem to be 
generally agreed upon. 
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Drum Brakes 
(1) The frequency of squeal is independent of the rubbing 
speed. 
(2) If -the brakes squeal, the braking torque increases 
compared with the non-squealing torque. 
(3) Tend~ncy to squeal increases with increasing pressure. 
(4) Vibration of the drum is bell like, with from six to 
fourteen modes having been measured. 
(5) Squeal is most likely after high temperature and high 
pressure running; the results of such running could be 
abnormal lining wear after thermal distortion or over 
recovery of the lining. 
(6) Squeal is most prevalent at temperatures below 100 
degrees Centigrade. 
Disc Brakes 
(1) The disc vibrates with an even number of radial nodes, 
the spacing of which is widest at the position of the 
pads and approximately equal over the rest of the disc. 
(2) The pads are positioned approximately on an antinode 
and vibrate with the disc. 
(3) An increase in disc temperature causes a decrease in 
squeal frequency .. 
(4) Squeal is independent of disc speed. 
(5) Squeal is again most likely after high temperature and 
high pressure running. 
(6) The thickness of the pads has no effect on the squeal fre-
quency or likelihood of squeal. 
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In both types of braking system, the stiffness and damping 
present in various parts of the braking system have an effect on 
whether squeal 
and damping is 
is likely 
likely to 
to occur. Increasing both the stiffness 
reduce squeal. Where the friction material 
makes contact with the drum or disc is also considered to affect squeal 
propensity and accounts in part for squeal being fugitive since the area 
of contact is difficult to measure and is likely to change from appli-
cation to application and even during a single application. 
1-.4 Variation of Friction with Velocity 
It has long been known that in a simple elastic rubbing 
system, Fig. 1.4.1, if the coefficient of friction falls with an 
increase in rubbing velocity, then oscillation of the system can 
occur. This is simply demonstrated in the discussion of Reference 
13 as follows:-
If the coefficient of friction is assumed to be of the form 
for Vo '> ,;. 
where fo = Static coefficient of friction 
Vo = Peripheral velocity of the brake drum 
).. = Slope of jJ-/velocity curve 
'" = 
Instantaneous velocity of vibration of 
rubbing block 
then the equation of motion of the rubbing block is 
1.4.2 
where = Mass of rubbing block 
k = Shear stiffness of rubbing block 
P = Normal force on block 
e = Damping coefficient of block material 
This may be rearranged 
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1.4.3 
For '''''0). ')" , the equation has a negative damping coefficient 
and the solution is 
'IC. • 1.4.4 
where k/tn] '/ ... 1.4.5 
Thus the amplitude of x increases exponential1y until the 
condition on r is violated; this limits the amplitude. 
This undoubtedly is a possible mechanism for vibrations at a 
number of frequencies, and has been endorsed by many authors.' In 
particular, it has been proposed as a mechanism for judder, References 
7 and 16, althoughw should be independent of speed, unless ~ is a 
function of speed, and it has been proposed many times as a mechanism 
for squeal even in the discussion of papers which were putting forward 
alternative theories. In fact, in all the published work, only 
References 13, 14 and 18 do not support this theory. 
Although the theory, as laid out in equations 1.4.1 to 
1.4.4, has been extended by various authors, the frequency of oscil-
lations is, nevertheless, largely dependent on the stiffness k and 
the oscillations are along the rubbing surface in the direction of 
k. In a practical system there will be coupling between the 
various modes of vibration of the exciter, but it is very doubtful 
whether the transverse mode of oscillation will be excited through 
this coupling to the extent that experimentation detects the trans-
verse mode and not the mode along the disc or drum surface. 
Since the equation is linear for constant ~ , the 
oscillation will be simple harmonic at frequencyw and if w is 
different from a system transverse natural frequency only a small 
transverse response could be expected due to coupling. If ... 
coincided with a system transverse natural frequency then the trans-
verse response could become significant. Since the disc is 
lightly damped, the frequencies would have to be nearly coincident 
and this is unlikely to happen by chance in practice. 
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If ~ is a function of velocity then the oscillations 
become non-linear and the condition that w would have to be very 
close to a disc or drum frequency may be relaxed. This also makes 
the squeal frequency dependent on speed, but to such a small 
extent that it might not be detectable with the apparatus used. 
So the fundamental objection to the theory is that it 
appears to excite the wrong mode at squeal frequencies. On the other 
hand it is, without doubt, a mechanism by which oscillations may be 
excited and may well be responsible for judder or hum, where the 
stiffness k is provided by the vehicle suspension rather than the 
brake mechanism. 
1.5 Sprag Slip Model 
This is the model put forward in Reference 13 and may be 
considered as a double cantilever rubbing on a surface, see Fig. 1.5.1. 
The rigid strut O'P, pivoted at 0', is loaded against a moving 
surface AB at an angle e. Taking moments about 0' 
f ::. ..-L / (\ - ,..., ... e) 1.5.1 
where L = Normal force of cantilever O'P on the 
surface 
,.. 
= Coefficient of friction 
e = Angle O'PB 
If the pivot 0' is rigidly fixed, F approaches infinity as 
Cot e approaches ,.. and at 
e 
the cantilever sprags and motion is impossible. 
Flexibility in the pivot 0' is provided by the cantilever 
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0'0". When o'p is at the spragging angle, there is no slip between 
P and the moving surface AB. In order for motion to continue, the 
cantilever O'P is effectively replaced by cantilever O"P which has 
an angle S' with the plane AB. 8' is now smaller than the spraggin~ 
angle, the value of F falls and slip can occur. Thus the strut O'P 
is set vibrating. 
Due to the geometry of the system, the normal force L will 
vary as the value of F alters and this will excite transverse modes 
of the surface AB. These in turn will couple with the cantilever 
modes to affect the vibration characteristics of the whole system. 
It is also likely that the oscillations of the system will be 
highly non-linear so that, apart from a fundamental frequency, 
presumably controlled by the system parameters, a range of other 
frequencies would be present making excitation of the transverse 
modes of the rubbing surfaces likely. 
In the more direct application of the system to an actual 
brake system, the double cantilever system was assumed to lie within 
e' " the pad material; the effective angle ,between 0 P and AB in 
Fig. 1-.5.1., was obtained by measuring, on a rig, the angle between 
the surface and the line joining the point of contact of a squealing 
pad to the pad pivot point. This gave an approximate value of 
and showed that, for squeal to occur under these conditions, e 
had to be close to the sprag angle.' 
1.5.3 
A system such as this is likely to excite transverse oscillation 
of the drum or disc and will do so apparently for a constant value of 
)4.. The cantilever system has, however, a fundamental frequency 
dependent upon cantilever parameters which is likely in general to 
be different from the drum or disc frequencies. Coupling however 
will exist and the whole system might vibrate at some intermediate 
frequency. 
This model WaS the first to suggest that the occurence of 
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frictional vibrations might depend upon the actual value of 
rather than the slope of the j4/velocity graph and it is easy to 
see that disc·or drum modes will be excited by cantilever oscillations. 
It would seem that mathematical analysis is required to examine the 
system in detail. 
1.6 Geometric coupling 
This is the theory put forward in Reference 14. This work 
deals with a simple model of a disc brake, which consists only of a 
cantilever tipped with friction material pressed onto a disc.' The 
normal modes of the two components are coupled by means of an equation 
of continuity across the surface and the resulting equation is shown 
to be that of a non-linear oscillation. 
A simple version of the theory is put forward in the discussion 
which illustrates the main features very clearly.' The tip of the 
cantilever, Fig .. 1.6.1, is replaced by a mass M which moves along a 
line always inclined at an angle y to the horizontal component and 
is subject to an elastic force ~ along this line. The moving 
component of the disc is represented by a mass m constrained to move 
vertically and is also subject to an elastic force C~ vertically. 
The co-ordinates of the two masses, M, m, along these lines of con-
straint are u and w respectively. 
If F and R are the frictional and normal forces respectively 
F • I"R. 1.6.1 
and the equations of motion are 
M i.&. + 
b", .:.. + CM W ' - It 1.6.3 
where b", ~ .. are damping coefficients. and the equation of continuity 
gives 
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1.6.'4 
Manipulation gives 
kdi. ... Ita'" ... 1:1 lA. • 0 1.6.5 
where 
k •• I - K 
ka • b"/H I< b .. /M. 
k, ' ~"/H le , ... / M. 
An oscillatory instability arises if kYk, <0, which gives in 
full the relationship 
for K<l 1-.6.6 
Thus stability is controlled by fA' the cantilever angle ~ , 
and the two damping coefficients.' 
The fuller theory in the paper produces equations of more 
complexity which take into account the mode shapes of the cantilever 
and disc, but the results are similar in principle. 
This theory requires that both components of the system 
oscillate together and that the resulting oscillation is harmonic 
until the equation of continuity breaks down. The frequency of osci1-
at ion depends upon the geometry of the situation, but in general is 
different from the natural frequency of the disc or cantilever. 
The experimental work connected with such a simple model of 
a disc brake could be expected to support the theory to a good degree 
of precision, since the theory describes accurately the behaviour of 
the two separate components. 
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The theory predicted a stability boundary at a certain 
radius dependent on cantilever slope and indeed a stability 
radius was found. However, the theory predicts a stability 
boundary over a limited range of cantilever slopes O<y<Tanr 
whereas no constraint on 1 was found in practice. 
An extension to the theory by Jarvis in the paper itself 
accounts for flexibility in the cantilever tip and an extension 
by Hales in the discussion accounts for a circular tip profile. 
Both these modifications improve the degree of agreement 
between theory and experiment, but the theoretical stability 
radius still tends to zero as y tends to zero and to Tan,., whereas 
in practice the stability boundary radius was approximately constant 
• • from y = 0 up to y = 15. In the paper it is assumed that this 
discrepancy occurs due to variations in the apparatus from the mathe-
matical model selected. 
It seems likely that the mathematical description of the model 
is too simple to give good agreement with experiment over the· range of 
cantilever angles, but this does not detract from its value as a 
theory showing how oscillations can arise. 
In the case of an actual brake system which has a number of 
modes for the caliper and a number of audible modes for the disc, 
there seems no reason why several modes should not be excited simult-
aneously, the relative amplitudes depending on the closeness of the 
coupled modes producing each frequency. 
Jarvis' work is taken further in References 40 and 41. In 
Reference 40 Spurr rearranges equation 1.6.6 to give the inequality 
+ 1.6.7 
But since > 0 for ..,,>0 
and for spragging to occur y- '> T ...... 'j ,Spurr considered that 
Equation 1.6.7 is essentially a spragging condition controlled by 
brake geometry. 
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Earles and Soar use a disc and pin model very similar in 
concept to the model used by Jarvis except that the pin has 
translational and torsional modes of vibration. The disc is 
represented by equation 1.6.3 and the translational mode of the 
pin is represented by equation 1.6.2 with the same equation of 
continuity. The resulting equation for oscillatory unstability 
is similar to equation 1.6.6, but using the parameters of their 
model, it was considered unlikely that the inequality WaS 
satisfied. 
The equation of the torsional mode of vibration used is 
written in the notation of Jarvis and where 
~ = Angle of torsional mode 
'I = Inertia of torsional mode 
IIz = Damping of torsional mode 
~ = Stiffness of torsional mode 
t = Effective pin length 
and is the equation of continuity. 
Manipulation of the equations leads to a non-linear 
differential equation which is shown to have an oscillatory 
solution for certain ranges of parameter values. 
1.7 Reasons for a new approach 
From the brief review in Section 1.2, it can be seen that 
there is a wealth of experimentation on squeal. Some of the 
ground has been covered more than once which confirms the validity 
of the results. 
lVhat is lacking, however, is accurate measurement of 
waveform shapes, frequency spectra and phase differences 
between different parts of the braking system. Also the physical 
properties of the lining materials at squeal frequencies is in 
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considerable doubt". 
The three basic approaches to the problem have been 
outlined in some detail. The theory of Section 1.4, the 
falling friction approach, is doubtless at times a reason 
for braking system oscillations but there are strong grounds 
for assuming that this is not the fundamental cause.' The 
other two approaches offer theories which are not dissimilar 
. in concept, that the geometry of the system causes oscilla-
tions, although the model is different in each case. 
Both geometric models are not entirely adequate in some 
respects.' The sprag slip model is not difficult to correlate in a 
fashion with an actual caliper, but the resultant modes of vibration 
may not be typical of actual squeal. The other model gives more 
typical oscillations but is further removed from the practical caliper. 
The approach which is taken here is to devise a theory to 
accomodate more of the experimental evidence. Due to the relative 
simplicity of the disc brake, it was envisaged that it would be more 
simple to do this in terms of the disc brake rather than a drum brake 
although the problem of squeal is probably more urgent with large drum 
brakes than disc brakeS".' 
The problem is split into three parts. The first part examines 
the vibration of an annular disc and shows how the mode shapes and 
natural frequencies of a brake disc may be modified by the presence of 
a caliper.' Following on from this, a simple eight degree of freedom 
model is proposed to represent the brake caliper, pads and disc. The 
effects of pad stiffness non-linearity are predicted and the results 
from this model are then correlated with the experimental results from 
a rig. 
Clearly, the behaviour of a highly complex vibrating system 
like a brake caliper, pads and disc cannot be expected to correlate 
perfectly with a simple eight degree of freedom model. The 
correlation achieved between theory and practice is sufficiently good, 
however, to show that the mathematical model gives a good representation 
of the system behaviour. 
jJ. P 
-16-
P 
Figure 1.4.1 Model of variation of friction with velocity. 
A 
Figure 1.5.1 Sprag slip model. 
y\ 
\ 
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Figure 1.6.1 Geomotric coupling model. 
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2. DISC VIBRATION 
2.1 Review 
The solution of the vibration of a uniform disc was first 
achieved by Kirchoff and an account of the method is given in 
Reference 23. The theory shows that the deflection, w, of the disc 
at a point (v ,9 ) may be put in the form 
2.1.1 
where 01. = Location phase 
~ = Time phase 
" = 
Number of nodal diameters 
f = Frequency of oscillation 
'1" LI<.) -t X:i" (cl:.,) = Radial mode shape 2.1.2 
<:. .... " (Eh/.) = Circumferential mode shape 2.1.3 
It can further be shown, Reference 14, that the motion of a 
perfect disc at a given natural frequency may be represented as the 
sum of two modes with arbitrary fixed nodal positions, but unspecified 
time phase. The argument is as fol1ows:-
Let deflection, .... , be the sum of any number of component 
vibrations 
w. """->, + W'- ... 
where ... , , .... \. • • • are of the same frequency and are of the same 
mode order n, have unspecified amplitude, A., and time phase, et., 
but have arbitrary fixed nodal positions, "',. Thus 
This may be rewritten as 
x S...... "G .. Y Cv, " 9 2.1.6 
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where 
x : 
2.1.7 
'( 
2.1.8 
4',~ and I-l,... are pure numbers and may be specified in arbitrarily 
chosen terms by writing 
c" • (, Ccl ~, (g,,,~, 
"'" 
(, ((/'10", (trl"~. ) 2.1.9 
) 
H, • C. ~ .... ~, (g,,,~, ~ C\. ~ .... cr, (cr.,.,~. ) 
) 
4. , c, Cn<r, S",,,~, • C, ~~, S .... ~(,.. ) 
) 
\.l, C, S .... <r, S .... ,,~, • Ca S' .... 0", <; ..... ,,~, ) 
where C, , C, are amplitudes, is, ,0", are new time phase angles and 
"'(1, '''~' are arbitrarily chosen location phase angles.- Thus there 
are four unknowns c., ~. , 0", , a'. in the four equations 2.1.9 and a 
solution is always possible for ~,,,~.. • 
If these values are substituted for X, Y in equation 2.1.6 
W • [c C, (nO'. (01,,~. .. C, G"Q", C(/\,,~, ) S'u.. ~t + 
(t, Su..<r, 6n+ .. c .. S .... O". &'"p. ) en ~t ] C;; """ ,,9 .. 
L (C, C,tno", $ ... ~~, + (., 6nr. S .... ,,~ \.) S .... ~t .. 
(c., ~u.. 4', ~""""~ I .. C ... C;;u.. 4', S ...... ~ .. ) Co-. ~-i; ] Cn t'l.9 2.1.10 
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Equation 2.1.11 is the required result and shows that any 
vibration in one mode can be specified as the sum of only two com-
ponents whose nodal positions may be chosen arbitrarily, but whose 
amplitudes and time phases are specified by the vibration form 
initially assumed. 
If 
then 
• 
to 
-% and the nodes are separated by " • 
Consider now, Reference 24, a perfect disc deformed to a 
shape corresponding to n nodal diameters, one node of which exists at 
an angle ~'j. If the disc is released at time t=o then initially 
C. !i .... ,,(8 .. ~) 
, o 
These conditions are satisfied by equation 2.1.12 if 
c. 1 , '1 , tiff. 
~, , G ... '!rh. 
• "A , 14" .. -~ 
and the vibration may be expressed as 
2.1.13 
which represents a stationary vibration coincident with the original 
deformation. 
Alternatively, let the two modes of equation 2.1.12 have 
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equal amplitude and the time phases be such that 
G", • 
Then ... • c.~ ..... t\ (9- ~) c.n~ ~t 0\> C. en n (9- ~) ~u.. ~tt. 2.1.14 
• C. <0"", '" (8 • ~ t r~ I... ) 2.1.15 
which represents a waveCS .... n.l9.~) progressing round the disc at speed 
t ~/... '.' The free vibrations of a perfect disc may thus consist of a 
stationary wave, a positive or negative travelling wave or a combination 
of both. 
In the case of imperfect discs, it is shown in Reference 28 
that the position of the nodes is no longer arbitrary and only two 
nodal pOSitions are then possible for each value of ni the natural 
frequencies of these two modes deviate by an amount depending upon 
the degree of imperfection. The two modes are independent and their 
nodal positions coincide with those of maximum and minimum frequency. 
Thus, if a mass m is attached to a perfect disc, a nodal diameter of 
one mode and an antinodal diameter diameter of the other mode will 
pass through m. The frequency of the former will also be greater than 
that of the latter. 
In Appendix 1 of Reference 24 the forced vibration of rotating 
imperfect discs is considered. The Same reasoning may be applied to a 
perfect disc by assuming that the two modes are identical. If this is 
done, then the forced displacement in the two modes are, in rotating 
coordinates 
1.1." A c.r.t\9[cCn(("'H.t\.)\o-~1.lCn(("'·t\.n.)\:·rll 
14" ' A ~"",,,,9 \ c.t ... [(w·"S\.)t:·t)1 .Hu..l( .... ".n.)t "rn 
where A defines the amplitudes of the two modes and where 
w = Forcing frequency 
p = Disc natural frequency 
~ = Disc rotational frequency 
2.1.17 
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Time phase ~ = T .... •• (~(w.".n.)I< f' • ( .... ",n)\)) 
Time phase I" = T .... •• (~ ( .... ",n.)/< p' - l ... ·"',n. \')) 
C = '/.I{ p'"o (w .. ".JI.)')" '" "" <. ..... " .. 1.)'[ 
1) = '/J<.p,.t ... ·"'A)'I' .. ~, <. .... "..n.) .. 
B = Damping factor 
Put e, Il ... .n.t. to transform to stationary coordinates 
Il, • At (.., (",90 .. ".n.I:.) ('" (10)1: .... AI: -'1) 
t A·H. .... ("SO ... A\:.) &. (Io>t - .. .n.I: - r ) 
• A C. c..,., ("'S,. - (..,0\:. t) » .. A ~ l.n ('" 9 ... (wt -r ) 1 
, A Co tn ... 9. ( (VI (..,-t -'1) + 
.. /l. 'l) ~u. ... .9o (~u.( ~"'-., ) 
CO'I (w-l -r ) 
S_(wt_ rl) 
2.1.18 
This is the equation of a stationary wave in space and shows 
that a rotating disc Can hold a stationary wave when forced at a 
stationary point and the wave is not dependent upon the disc rotational 
velocity .n. . 
If.!\. =0, then C=D and 1 = f" and 
... t" "'\. • 
which is a stationary wave. 
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As.n. increases from zero, the coefficient of Sin ... e. increases 
from zero, since the conditions expressed in equation 2.1.22 no longer 
hold. 
This implies that, in the forced vibration of a rotating 
perfect disc, the nodes become points of minimum movement and shift 
slightly, relative to the point of excitation, the magnitude of the 
shift depending on .n.. 
Equation 2.1.20 may also be written in the form 
u.., ... u.\. ~ Ac. en (( "Q.H) )-~t. ) + Ai) C.cn (( ,,9.- t ) ~ .... i:. 
.. f\C. c.." ( ,d) ..... '1) Cm "* ~ A(. ~u..{l\go+l)) ru.."')\'. 
~ A) Cv. (",Qo' J" \ ~ ~ - A) <"",,(I\ao-r ) ~,"," ... -l 
~ A (",~t. l c. Un (,,~ .... ,,) ... 1) ('" LVI ~o . ,y )) 
The coefficient of Sinwt will, in general, be small compared 
with the coefficient of Cos wt and the nodes, for n. + 0, will be at 
the positions where the coefficient of A Cos~t is zero, that is, 
where 
: 0 
and where c.., » , I) , 1'" and B have the same values as in equations 
2.1.16 and 2.1.17. 
If it is assumed that both ? and w are very much greater than 
tin. , then it may be assumed that C = D and the nodes will be given by 
values of 1\ 9. where 
• 0 
• 0 
For m = 0, n 9. , the nodal shift, r , is given by 
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• (,.. - " ) /'1 
• .!. [ H .... · "J\.) _ ~ t ..... ~" ..n.) l 
• 'I. I'~' t ... ·"..n.)~ ~'. (...., .. ".n.)~ for small 
If the natural frequency, p, is different from the forcing 
frequency, 10) , by a sufficient amount and p, .... » .n. 
For a range of values of p,.... and.n.., the nodal shifts were 
calculated by substituting the correct values of f' and 1 in the 
expression for ~.. Up to.n. = 10 radians per second, the nodal shift 
was less than .005 degrees for values of the forcing frequency equal 
to 10% of the natural frequency. It may thus be assumed that no 
significant nodal shift occurs in a slowly rotating disc from this 
cause. 
Since nodal shifts of a few degrees are observed in practice 
in a squealing diSC, it must, therefore, be assumed that such shifts 
are due to some other cause. 
2.2 Ritz Rayleigh method applied to a brake disc 
In applying disc theory to a disc brake, a simple model of the 
brake is provided by a perfect disc with boundary conditions at r = a 
and at r = b, b > a. At r = b the disc constraint depends upon the 
disc construction. 
Attached to the disc are a pair of pads and these may be 
represented by a change in 
r = band e =:01 , where 
disc density between the boundaries r = a, 
~ defines the angular position of the pads. 
This is equivalent to additional mass over the disc at these points 
without alteration to the disc stiffness and is a reasonable approx-
imation to pad behaviour at least at frequencies up to the fundamental 
vibration modes of the pads. If the caliper plays a part in this, it 
may be assumed to act as additional mass over the pad area. In fact, 
during squeal, the complete brake system vibrates and the presence of 
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the caliper and pads can no longer be simply be regarded as 
additional mass·. 
This excitation force is assumed to act at 11'= 0, and if 
this point is considered as a concentration of mass on an otherwise 
perfect stationary disc, then the nodes of the two modes occurring 
at each value of n are no longer arbitrary; a node of one mode 
and a antinode of the other mode will occur at this point. Even 
if the disc is rotating slowly, it may be assumed that it behaves 
as if stationary as shown in Section 2.1. 
The vibration of a disc with these constants can be 
investigated by the Ritz Rayleigh method.· Instead of assuming 
a particular mode shape as in the Rayleigh method, the mode shape 
is assumed to be the sum of a series with unknown coefficients. 
The coefficients are obtained by minimising the frequency of the 
resultant mode shape, thus minimising the constraints implicit in 
assuming the mode is the sum of a series. 
Assuming the inner periphery of 
r = a, a suitable radial mode shape is 
the disc is clamped at 
... \io> • (v- ... ) • If however 
it is assumed that the disc is hinged at r = a, a suitable radial 
mode shape is .... (v- /I.) • Since the radial mode shape is unknown, 
it can be considered to be of the form 
where v. and k can be selected to achieve the best correlation 
of measurements with predictions_ 
As shown in Section 12.1 of the Appendix, the circumferential 
mode shape is assumed to be 
where 8= 0 is through the centre of gravity of the pad area and 
Ar is a series of coefficients which have to be obtained by mini-
miSing the resultant frequency. 
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From Reference 27, the Potential Energy of vibration 
of a disc is given by:-
.. ~ . 
V ' ~ ~ ! L (~~\ ~ ~ ~~ + ~\~)' ~ l.(H)lfv(·t ~)) 
. .. 
Where b • 
tl.',< \'l.<'\_~\) = Flexural stiffness 
""' 
= Disc displacement 
~ = Poisson's Ratio 
E" 
= Elastic Modulus 
h = Disc thickness 
The Kinetic Energy of vibration is given by:-
I~ ~ 
T· Y 1 ( 1: 
• 
" 
where 'I • 
Assume w ' 
~ 
where ""' ~ (v .... ) 
TIten w • 
d... 
~v 
l~{)' " .I.S clJ. 
)'0., 
~ = Mass per unit area 
k ~ ..... ) Zl+",Cn,,9 Su..'(~-"'Q) 
is the assumed radial mode shape. 
I< ( ... - .... ) 
I<. (v • v.) " .. 
k.\ 
'Z: A..... c(I\ .. 8 \ ...... p L-+. - t,.) 
a.a.a 
~'u. , 
i) ~\ 
k(I< •• \ (v • v.) 'E Pr.... Ln.J:) <; ........ ~ Lt --to) 
010> I< 2. .,,~ <; ...... 9 C .... t L+ --\ .. ) ~& , Cv - .... ) 
~\ ... (v • .... 2:'."" A.... Gn .... B S ...... p(+-4.) 
')S' • .. ) 
~w ~ ~ A.... (0'\ ,,9 ~ Cc" p LT - ~ .. ) \ ~ - 'v. ) '1t 
~(~ ~) t., • ( ........ ) (,,~ • " ~ vo) Iv· Z." 'I .. S\ ...... ,,9 C;u...., Co\: ··4,,) 
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Thus 
v . 
'" b [ 1<-" k \(., ~ ~ ~ (It.(k.')(I--h) Z. A"Cn",9 -+ d ... ·~o) ~ A ... ~1'\9 
• • k 'I. 
_ ~~ ( ... -",) 'i: (,' A~ td'I"IS) 
'1.1<-1. r )\. 
.j. '1. (\ - "1)(" - •• ) / ... ~ (It. ... -" Po ) ('Z. -" A" )v.. I'\. 6 
_ 1 ( \ _ ." ) ,,( \I. - \ )(" • It)- -'\. 2. A" en" a (~ (. -". t 'z A", en ~ 9 
-~ ... ( ... - ... )~-z.'{\\A .... c.n ..... f))1 ~1I--'I.~(1o -"'.) .... cl9cJ..... 
V will be a maximum when ~",",'I.~t~-t.) 0\ , thus 
Vf<o. .... ~ Cf" I et (Ir. vJ·'(k~_Ir.)~ A... ("',,& -~,( ... - .... )kZ"'A"(VI"f))'" 
. ~ 
- ~'1. {" - 'V.)k 2. fI' A", ~ ",811 ... a.e c1N 
u, 
NOw ~ eo., "a Cv. n.- & d-Q 
0 
~ 0 for n:l-r... 
• n for t\ -=- (\1\ 
10 
~ Su.. "ca Su... r... 9 el& , 0 for n* C\, 
.. for 
• 1t 1\ = /10\ 
Thus 
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or 
where 
L ' 
M ' 
• 
" 1,,-\ 
'" 1. (I.,,) (Ic. ....... 0+ ..... ) ( ... - .... } /",) cM, 
N , 
~.E r ~ 110 ). I ( " . "0) /...,1 AA 
• 
Each of these integrals can be evaluated numerically, since 
the explicit integrals will be long and complicated expressions. 
T 
, 
where y, = Disc density from &. rJ. to S· ~ 
Y = Disc density from & ... 11 to 6, it! .. et. \. I' 
T will be a maximum when c.." .. ~ Lt --t-,) .. , , thus 
J 11lW T~.... • K [ Y, ~ (~ i.h.G,-.",a )\l.9 4 '11. ( (~A,.,.~,,8)' JJl] 
Cl- ~ 
2.2.8 
where K: 
Now two integrals which are used in the subsequent evaluation 
of the maximum value of T are evaluated. 
If the expressions for these integrals are substituted into 
the expression for Tmax, then 
, 
-29-
~~~ ) ('I,. '1~) 4 lI'1, 1 
,. 2: A; ~ + 2~ A..~ 0 
,,+C'-
where 
p • \( [ ( Su.. 2,,~ • S ..... 1",,-
'" n .. 
~~o( )( '1,.'1.) .. n '1~ ] 
("Cn ... ~s~,,~ .... ~ ...... ~Cn"~) 1 
Q .. ~ [ -" c..,,,,, S' ........... '" s"' ... ~ (i,,,... ('I,. 'I" \ 
t\\. - ...... 
The Ritz Rayleigh method is 
Maximum Potential Energy = VMax 
Maximum Kinetic Energy = 'Dnax 
briefly as follows. 
= VCr,S) = V 
= P T(r,E!) = p'LT 
2.2.10 
2.2.-11 
2.2.12 
Now the maximum Kinetic Energy may be equated to the maximum Pbtential 
Energy, hence 
or 
V = p'LT 
'L 
P = V/T 
It is postulated that the frequency p should be a minimum in 
order that the constraints on the system are minimised. 
Thus 
where Q~ are the coefficients of the series used to calculate Vmax 
and 'Dnax. If the value for p is substituted in the above equation 
the following expressions can be derived. 
'd (V/T ) 011 .. : 0 
.L oV V err 0 & .. :r .. aa. .... : T 
• o 
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oV ~ ... 'OT 
'4i .. - 00.... • 0 
0 (\( O~ ~" 't ) • 0 
') (V(I..~ - ) 0 80... • I ....... • 
But V ....... • 2 A: ( L. or ,,'\ t-'\ ~ j\1t N) 
Therefore 1 V (1..", : 'lA,.. ( L + ,,' 11 + j\h N) ai,,,, 
and T(I.. ... • 2. 1\ .. \ P 4 1.2: ~a....Q 
,.~ .... 
Therefore l 1"1\.. ... ~ 'Ln...,p ~ '2."2- ~Q 
'lIA.. 
"" jI., 
So that the Ritz Rayleigh equation becomes 
This is a set of n equations in ~ which can be used to derive the 
eigenvalues (p) and the corresponding eigenvectors (the mode shapes). 
It is also possible to calculate the mode shape around the disc 
which is given by the summation of Sine terms. It has already been 
shown that a general vibration of a uniform ·disc can be split into a 
Sine component and a Cosine component with amplitude and time phase 
defined by the initial conditions; it is shown in Section 12.1 that, 
in the case of a non-uniform disc, a general vibration can be split 
into a symmetric mode, consisting of a Cosine series, and an anti-
symmetric mode, consisting of a Sine series, with amplitude and 
time phase defined by the initial conditions. 
Assume a mode shape radially, such that 
W' (If- .... )\c.~ ~ S .... "'t; S ..... ~ (-I: ~o) 
It 
where w. (v.v.) is the assumed radial mode shape. Then 
, 
~.\ 
\({Ie.-I )tv -VD) 
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dw ~ ~ " 4.. (,.. "'& 11T , (v • \0) ~ ..... ~ tt -~) 
~I.., (V • ".l~ 2. ->'1'1. A... S""' ... & ~\A.- P (:~ - t-o ) ",&'1. , 
)~ 
" %:.4.. t"",,,,"& p ~ ~ (~-~o \ cH: • (" • v.) 
'Il(l~). iv \"di • (~-'" t' (k".\~v.VV1. 2: ... A.... (q, ... f1 ~ ~ (Iw -~) 
As before 
L1\ " 1) ( ( [ \<-1 k ( 1'-1 V ' 1:) .. 1 ("(IL-,){".".) "Z..4...~ ....... 9 ~ ... It.".) ~I\.SI.\.",9 
-~, ( ... _ v,,)1t 2, ,,'I. A.. (u- ... e )1. 
'1."-1. \. .. 
'" L( \-\1 )(". v.) Iv" (\t."." ~ v.) (~I\ ~ c.,.. /\ e) 
~-1. ( ~ I ~-I 
• '1.( \-'II)k.(II..,)(.,o".) ~I\.Su.."'&l \lVo\o,) "Z.1)....\""' .... e 
-~ ... C-...vo)'" 2, ""A.. ~ ......... &11 ~ ..... L~ ("'0-4:.) v ~.lA. 
1 .. 
But ~ ~ .... 9C0\1\.9 d..9 • 0 1:> for n,..1I. 
• Tt for " :. n,.. 
t. 
~ Su. ... & S'u..n.9 ~ • 0 for I'\~(\,. .. 
• .. 
for 
",=1\0 
Thus 
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and 
Vt\o\ ... 
,. 'Z. A..' (I.. .. ,,"l ~ +~ .. N ) 2.2.15 
where L, M and N have the same values as in equations 2.2.4, 2.2.5 
and 2.2.6. 
and K has the same value as given in equation 2.2.9. The following 
integrals can be obtained as previously and are needed for sub-
stituting in the expression for Tmax. 
~ Cm. ~ S .... ..\~ °l S""~ c",J ~ ol.(q, ... S"'J" ~ JSu..c..o ~J~ 7 
\ 
• 
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Thus 
+ 2.2.18 
where 
p • 
• 
The expressions for P and Q are different to those obtained 
in equations 2.2.11 and 2.2.12 and depend upon whether the mode is 
symmetric or anti-symmetric. The expressions for K, L, M and N 
depend upon the form of the radial mode selected and have been 
obtained here for a general radial mode shape. 
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2."3 Program to evaluate the natural frequencies and mode shapes of 
a brake disc 
A computer program was written to obtain the natural frequencies 
and mode shapes of a non-uniform annular disc based on the theory of 
Section 2.2." The program was written in a general form and obtained 
Sine modes, Cosine modes and the envelope of a combination of the two 
with any time phase between the two components. 
The program first of all reads in the basic disc parameters from 
a paper tape. A number of questions is then asked on the control tele-
printer, each requiring an answer defining the conditions of the disc 
solution required, These questions cover whether it is a Sine mode, 
a Cosine mode or a combination of the two which is required, what is 
the required power of the mode shape, what is the number of terms in 
the Ritz Rayleigh approximation, what accuracy of numerical integration 
is required and the number of solutions required. 
The program then evaluates the terms K,L,M, and N by numerical 
integration using the procedure SIMPS based on Simpson's Rule, the 
accuracy of which is governed by the term ACC. 
Depending on what modes are required, the program then fills 
arrays AA and BB as follows. 
AA 
BB 
= 
= 
Terms 
Terms 
L + M * nt2 + N * nt4 
p 
Q 
for n = m 
for n '" m 
The procedure EIGENSOLVE, which calls upon procedure SYMMETRIC 
QR2, is then used to obtain the eigenvalues and eigenvectors. The call 
EIGENSOLVE(A,B,X,R,NONDEF) solves the equation 
for symmetric A,B of order R, provided that one of these is either 
positive or negative definite. Failure to achieve a transformation 
of the equation into the required form for SYMMETRIC QR2 leads to an 
exit via the label NONDEF. On normal exit from the procedure, the 
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eigenvalues occupy diagonal elements of A with the eigenvectors in 
corresponding columns of X.-
The program then sorts the modes into ascending order and prints 
and plots the results in a suitable form. 
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3 MATHEMATICAL MODEL OF TIlE BRAKE SYSTEM 
3.1 Equations of motion of the brake system 
Self excited vibrations can only arise in dynamic systems where 
there is a source of energy which can be diverted into the system by 
conditions giving rise to phase angles in the system. The first stage 
therefore, in examining a brake system for self excited vibrations, 
which manifest themselves as brake squeal if they occur in the region 
of 3 kHz, is to derive a set of equations describing the motions of 
the system and including the frictional forces which are the source 
of squeal energy. 
The system for which the equations presented here are written, 
and which was used for the experimental work, was a Lockheed single 
piston, swinging caliper design. Photographs of the caliper are given 
in Figures 5.2.5 and 5.2.6 and the axis system, together with 
schematic representation, is given in Figures 3.1.1 to 3.1.3. 
The caliper is a steel pressing which is pivoted on a pin fixed 
to a mounting assembly bolted to the disc axle. The caliper pressing 
locates the hydraulic cylinder and piston and locates, in the y and x 
directions, Pad 2, the pad at the other side of the disc to the hydraulic 
piston. Pad 1, against which the hydraulic piston presses, is located 
in the x direction by the mounting assembly and in the y direction by 
the piston. Between the two pads is clamped the disc which runs in a 
slot in the caliper and is located, relative to the caliper, by the 
mounting assembly and the clamping action of the pads. A further 
description is given in Section 5.2. 
A brake system normally consists of a number of discrete compon-
ents, each of which has distributed mass, stiffness and damping. In 
order to treat such a system mathematically, it is essential to make some 
simplifying assumptions before a set of equations can be derived. Two 
problems therefore arise; the first is how to represent these distributed 
components adequately and the second is to decide what freedoms should 
be included in the model. 
The basic component of the system is the disc and this is the 
Figure 3.1.1 Ax' • 1S system. 
Figure 3.1.2 Forcos system. . 
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.. 
Figu,,-e 3.1.3 Masses, moments of inertia and dimensions. 
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most difficult to represent in a simple way. However, since it has been 
shown that a disc has two independent degrees of freedom which can be 
defined as Sine modes and as Cosine modes relative to a set of axes 
fixed in space, regardless of disc rotation, it is possible to represent 
the rotating disc by a stationary disc with frictional forces tangential 
to the faces of the disc in the pad region. 
Consider now a small portion of the disc in the area of this 
fixed point. If the disc is vibrating in a Cosine mode, regardless of 
the amplitude of vibration, the tangent to the mode shape at this point 
has a constant zero gradient and the portion of the disc can be considered 
to be moving laterally from side to side with the mode shape amplitude 
and frequency. Thus, in the Cosine mode, the disc can be represented 
by a beam with freedom in the y direction. 
If the disc is vibrating in a Sine mode, then, regardless of the 
amplitude of vibration, the fixed point is stationary in space, but the 
gradient is changing sinusoidally and the portion of the disc can 
therefore be considered to be rotating sinusoidally about the fixed point. 
In the Sine mode, then, the disc can be represented by a beam with 
freedom in the theta direction. 
Clearly, this approximation is only true for portions of disc 
small in length in comparison with the wavelength of the mode round 
the disc, but, for low disc mode orders and short pads, the approx-
imation will be good. 
For mode order I, the mode wavelength of a 0.1068 m radius 
disc is 0.6710 m. With a pad length of 0.080 m extending an arc of 
0.75 radians or 43 degrees, the approximation is good for the Sine 
mode and reasonably good for the Cosine mode. 
Looking now at the other possible freedoms of the disc, since 
it is assumed that the frictional forces are independent of the 
relative velocity between the disc and the pads, motions in the x 
direction can be ignored. 
Motions in the z direction can clearly be neglected since the 
disc mode in this direction will be at a very high frequency and will, 
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in any case, be a poor radiator of sound. The same reasoning will 
allow vibration about the y axis to be neglected also. 
Motion about the x axis is coupled directly to motion in the y 
direction by virtue of the disc radial mode shape and the one cannot 
occur without the other. However, motion about the x axis causes no 
change in the magnitude and direction of the frictional forces, and 
has, therefore, been neglected. 
Thus, the only two motions of the disc which are considered 
are the y and theta freedoms, and the complex vibrating system of 
the disc may accordingly be considered as a beam clamped between the 
disc with two independent degrees of freedom, y and theta, provided 
that suitable parameters for the beam can be found. This, then, is 
the basis of the disc representation used in Section 3. 
Examining now the other components of the brake system, disc 
brake pads typically have first bending mode natural frequencies in 
the region of 4 kHz and the pads used in this system had natural 
frequencies in the region of 4.5 kHz. At squeal frequencies near 
2.5 kHz, therefore, the pads can be considered as simple beams with 
the same two degrees of freedom, y and theta, as the disc. Behaviour 
of the caliper, cylinder and piston is much more complex, but, 
being a comparatively massive component isolated from the disc by pad 
stiffness and fluid and caliper stiffness, was represented by a lumped 
mass with the same two degrees of freedom, y and theta. Since it 
was only connected to earth by the mounting assembly pin with large 
clearances, it was assumed to be floating in space with only the 
frictional forces, due to Pads 1 and 2, reacted at the pin. 
The nomenclature is as follows. 
MC Mass of the caliper 
MD Mass of the disc 
MP1,Mn Mass of pads l. and 2 
IC Inertia of the caliper 
ID Inertia of the disc 
IP1,IP2 Inertia of pads 1 and 2 
KCL Linear stiffness of caliper to earth 
KCR 
CCL 
CCR 
KDL 
KDR 
CDL 
CDR 
KP1,KP2 
CP1,Cro 
KF1,KF2 
CF1,CF2 
D1,oo 
MU 
NO 
H 
L1,Lll 
KPE 
KPC 
G 
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Rotary stiffness of caliper to earth 
Linear damping of caliper to earth 
Rotary damping of caliper to earth 
Linear stiffness of disc to earth 
Rotary stiffness of disc to earth 
Linear damping of disc to earth 
Rotary damping of disc to earth 
Linear stiffness of pads 1 and 2 
Linear damping of pads 1 and 2 
Linear stiffness of fluid, etc for pads 1 and 2 
Linear damping of fluid, etc. for pads 1 and 2 
Moment arm of frictional force and reaction 
for pads 1 and 2 
Coefficient of friction between pads and disc 
Static load between pads and disc 
Half thickness of the disc 
Half length of pads 1 and 2 
Stiffness of pad 1 frictional reaction point 
to earth 
Stiffness of pad 2 frictional reaction point 
to the caliper 
Moment arm of pad 2 frictional reaction point 
about mounting assembly pivot. Approximately 
equal to D1 + 00 + 2*H 
Rotary stiffness of the pad material and the damping of the pad 
material may be expressed in terms of the linear stiffness and damping 
KP1,2 and CP1,2 and L where 2L is the pad length. 
Consider the forces due to the pad and the disc touching as 
shown in Figure 3.1.4. The force per unit length at a point x along 
the x axis, for small 9 I I & ~ is given by 
where k is the appropriate stiffness, and where 
• 
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! 
• 
y 
, 
, 
R30 265 H.M.L 
Figure 3.1.4 Pad and disc contazt. 
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and .ois the distance of separation at which no force is generated • 
• 
Total force of separation = { It (cl. •• ~, ( .. , • \~ ('t\) Mt 
•• 
~ 
Total moment = \ 1,'11 {c). •• ~,(.) oIhl't.\)M' 
... 
Assume linear mode shapes so that 
~ ... (\\ \ ~,11 
~ 
Total force of separation = ~ \(. (6. •• ", (~), - ad) ~ 
= lit. L olD 
~ 
Total moment = j It\!. (de· '11 (8, .9,,))M 
-10 
= 
Thus, when the mode shapes are linear, the total force of sep-
aration is not dependent upon the angle between the pad and the disc, 
and, likewise, the moment between the two components is not dependent 
upon the distance of separation of the pad and the disc. 
Equation 3.1.1 gives 
Force of separation = 'l..Ic.L d D 
Thus, stiffness KP1,2 = lll. L 
Equation 3.1.2 gives 
Moment of separation = 
and rotary stiffness = 
Thus, rotary stiffnesses and damping are given by the following 
expressions. 
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Rotary stiffness between pad 1 and the disc = (1.1'l~ ) \(.\11 
Rotary stiffness between pad 2 and the disc = (""/l ) "'" 
Rotary damping between pad 1 and the disc = (1.1'/1 ) (.PI 
Rotary damping between pad 2 and the disc = ( ..... '/1 ) ch. 
The details of contact between the pad backing plate and the 
caliper are less well defined, particularly in the case of the pad 
further from the slave cylinder. For simplicity and in order to 
keep the number of parameters to as low a level as possible, the 
same argument is use to obtain the rotary stiffness and damping 
between the caliper and the pad. 
Thus 
Rotary stiffness between pad 1 and caliper = l \.,,,/\ ) lC$o • 
Rotary stiffness between pad 2 and caliper = ( ..... ''11 ) ,",l. 
Rotary damping between pad 1 and caliper = ( .. ,'1./, \ c..r-. 
Rotary damping between pad 2 and caliper = ( .. ,. ... '" , cJ." 
The forces on pad 1 due to friction between the pad and disc 
are reacted by the caliper mounting assembly. The frictional forces 
on pad 2 are reacted by the caliper. The points where these forces 
are reacted are assumed to be infinitely stiff in the x direction, 
and connected to the caliper mounting assembly by stiffness KPE and 
to the caliper by stiffness KPC; the equations thus remain linear. 
As shown previously, the following degrees of freedom are 
sufficient to permit mathematical representation of the brake system. 
Component Suffix Freedoms 
Disc 0 ~. 9 
Pad 1 1 
'i. & 
Pad 2 2 
'1. 8 
Caliper 3 
'1. B 
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From Figures 3.1.1, 3.1.2, and 3.1.3, the equations of motion 
of the disc are:-
• 0 3.1.3 
, 0 
3.1.4 
Equations of motion of pad 1 are:-
I'I~I ~, .. tJlI l-.i I "-\. ) ~ 11.\1 1 ("11 -'"I.) • left ("\, • \..I ~, } 
" 
tJ.\ t -1, --1\ \ 4 It; 1 ("" ""\\ } &Q 3.1.5 
" ,",\' . LI\ t.f 1 &1 
" 
<.011'i H S, - 8.) .~lqH91"9.) .. ~e ('"I I " I.tll. h., 
'0 3.1.6 
Equations of motion of pad 2 are:-
" c.h (~" - ~\) • ~\ ("1\ "'U ) '0 3.1.7 
.. 
thO, 
Equations of motion of the ca1iper are:-
- ~ Nl. 8. 
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3.1.10 
Now 
3.1.11 
N'I. 
Thus, neglecting second order terms 
\. 3.1.13 
-(.(I, (~,.",.) -u~ (~ .. -~o) 
- ''''I ("',."'.) -Itn t",,,-'1o) 3.1.14 
Equations 3.1.11 to 3.1.14 can be substituted in Equation 3.1.3 
and 3.1.4 to give a set of eight equations describing the brake system. 
If the equations are each divided by the coefficient of the inertia 
term in that equation, the mass matrix becomes the unit matrix. 
If the vector Z represents the displacements in the system, 
then 
Z = '1, ) 
'I\. ) 
8. ) Pads 1 and 2 
9. ) 
'10 ) Disc 
9. ) 
'11 ) Caliper 
9, ) 
The damping and stiffness matrices are given on the next 
two pages. 
c ~ UI ~(.~I 0 0 0 
Mill 
(.p\, • (So 'I. 
() 0 0 
MI'\. 
~ )1 c.P 1 0 \.I" (c.t14tF1\ 0 
~I '!oUI 
~)UU L\." (c.PH th '\ 
0 0 ~'h. lSoh 
rL!. u\. 
. 
--
0 0 
"''lI t\l 
~ ~(.'I k'" c.t)- c.P1 ~I" t9\. \,,, ... 
--
.-
t.'b n ,\'to) \10) 
(.$0 I c.'-'I. 
- -
.- 0 0 1'\(. 
"" 
o 
c.l'1 
.-
... 91 0 
et 'I. 
.-\'It\. 0 
_~ 1>1 ttl ~I" c.t 1 
--'toP 1 '!. SoP 1 
-J!)\' t~\. L '\." c.P 'I. 
lo'\. \tf'l. 
(.\11 "c.P\., C». 
Mb 0 
_ ~"{"I .ttl) LI "'(.\It • L~!:!\' " Il 
+~ t.'lI \" 
0 
o 
(.~I 
.-"'~I 0 
(.f. 'I. 
.- 0 \'I ,\. 
\.1" t(ol 
0 .-,tt. 
0 L'I."(.$ol 
\tI\. 
0 0 
0 0 
(.f.1 ~c.f.\ ,'~1. 
1'\<. 0 
L1'I. c.f.I + L"l cI'I. (&oil 
lk + &. 
I 
oi'> 
~ 
I 
r: 14 '" I ~~It4J. '" I "-' '\. _U~\:l.' _ r.1\(UItv.~\l ("'\UI H~I/.hl ".li 0 0 
--'t.l t-) 1" '1~ to) '\~ ,. ~ 
~\ ~\.tlt.~t • \.\. ~<. 
-f':. NO Itk "It.~\ H.t" ~ \Ut L \. "Pt 
--
0 
-
0 
",c. Mc.. MC. Mt tH '1&. 
0 • ~~~ S ·L\'~1. IC.f.I LI" Ll.~ (V.f\. + 1 \UI. ) ~ \(.0\ CO L'" 11.0<. ",L~I +I.~( I/.f.\. .- 0 -
-
tl"PC.l +11(.(.« 1:.c. 1~c.. ~t.(.. 1:c.. 1:c. It-c. 
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The equations to be solved are 
z + c * z + K * Z = o 3.1.14 
Equation 3.1.14 may be rearranged as 
u o Z + c K Z = o 3.1.15 
o u Z 
-u o Z 
and the roots of Equation 3.1.15 are the eigenvalues of 
-c -K 
u 0 
where C,K are the damping and stiffness matrices and U is the unit 
matrix. 
3.2 Program to evaluate the natural frequencies and mode shapes 
of a system consisting of a disc, caliper and pads. 
A computer program was written to obtain the natural frequencies 
and mode shapes of the brake system based on the theory of Section 3.1. 
The program was written with fairly easy modification in mind so that 
additional terms could be written in if required. 
given in Section 12.3. 
The listing is 
The essential part of the program is to fill a 16 x 16 array 
with the elements of the matrix 
-C -K 
U o 
which can be calculated from the brake system parameters as indicated 
in Section 3.1, and then, using a suitable set of procedures, to 
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compute the eigenvalues and eigenvectors of this array. The eigen-
values are complex conjugates and those with positive imaginary part 
are plotted in the complex plane; a list of parameter values is 
written alongside. Printed output lists the eigenvectors if required. 
The program first requests the real axis scale, RMAX, so 
that the graph space can be utilised as fully as possible. A list 
of parameter titles is then read in, followed by the machine precision, 
MACHEPS, used by procedure IKm2, and the print format instruction. The 
list of parameter values is then read in followed by seven numbers 
indicating which parameters are to be incremented by the program and 
by how much. This facility allows the root values to be plotted as a 
particular parameter or pair of parameters is swept through a range 
of values. 
Axes are then set up and the stiffness and damping matrices 
filled according to the theory of Section 3.1-.' 
Procedures BAIANCE, ELMHES, lIQR2, ELMBAK and BALBAK are a 
set of procedures obtained from Dr. Wilkinson which calculate the 
eigenvalues and eigenvectors of a general real matrix D.' on exit 
from BALBAK, the complex eigenvalues are contained in WR, IVI and the 
eigenvectors in array F. If a failure to achieve sufficient convergence 
occurs, exit is via the label FAIL.' The precision of these procedures 
is examined in Section 12-.'4. 
Plotting of the roots on the graph and the appropriate print 
out of the eigenvalues and eigenvectors occurs and the program returns 
to the label MORE for the next set of data. 
An auxiliary program can read the paper tape output and pick 
up the unstable eigenvector. It then normalises the amplitudes and 
phases to the variable Yl and prints out the eigenvectors. 
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4. EFFECTS OF NON LINEARITIES 
4.1 Review 
A number of methods exist for obtaining solutions to 
autonomous non-linear equations. In principle, an analogue com-
puter is the most suitable means of obtaining a solution, but, in 
this particular case, the energy inputs and dissipations are suffi-
ciently low that a typical analogue computer would not be sufficiently 
accurate. 
For example, consider a root with a real part of 10. The 
time to double the amplitude of the oscillation is given by t where 
.,ot. 
'" = 2 
Thus t = 0.0693 sec. 
At 3000 Hz., the number of cycles to double amplitude 
= 3000 * 0.0693 
= 207.9 cycles 
Tb calculate limit cycles on an analogue computer when the 
rates of divergence are so low, is clearly beyond the accuracy of 
most machines. An analogue solution was achieved in the linear 
case, and showed the effects predicted by the numerical solution, 
but was obviously not suitable for measuring the amplitude of 
limit cycles. 
A number of methods exist for obtaining solutions to auto-
nomous non-linear differential equations. one group of methods, 
notably that due to Malkin, expresses the non-linear equations as a 
linear set with the non-linear and non-consecutive terms being, 
effectively, perturbing terms which are multiplied by a small para-
meter r . 
"'1 • 4.1.1 
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The generating solution, as it is called, is the periodic 
solution to the linear equations when r = 0 and will consist of 
eigenvalues w; and corresponding eigenvectors f i' In the 
situation applying to the eight degree of freedom case, "'J' will 
be eight pairs of complex conjugate roots. 
The generating solution is assumed to be 
• 
and the first approximation is obtained by putting 
) 
The solution ~l is then put equal to 
II.s • 
and in the resulting equations, coefficients of r are equated to 
zero separately. 
4.1.2 
4.1.4 
The solutions must be periodic and the conditions for this 
may be derived. If these conditions are met, values are determined 
for 11 \ and lt~,l • 
A method such as this takes the conservative linear solution 
as being approximately correct and provides a method for obtaining 
the amplitude and frequency corrections up to any accuracy in )k 
for small~. This is a sound method where the eigenvectors do not 
alter significantly due to the addition of terms 
the form of instability that exists in the brake 
in r' but with 
squeal model, the 
eigenvectors change rapidly as a result of small stiffness changes 
when in the region of an instability, as shown in Section 8.2, and 
this is the very region in which a solution is required. 
Another way the problem may be tackled is by means of 
piecewise linearisation. This method represents the non-linearity 
by straight line segments and in each segment the solution of the 
appropriate linear equations is known. Boundary conditions may 
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be matched, across the boundary, but mode shapes cannot change 
instantaneously at the boundary, and thus the method is evidently 
not a suitable form of solution for a multi-degree of freedom system 
without some fundamental modifications. 
The method which would appear to be the most suitable for 
solving a problem of this nature is that of equivalent linearisation 
due to Kryloff and Bogoliuboff, where the non-linear spring character-
istic is replaced by an equivalent linear characteristic. This method 
is suitable for control system calculations, where the coupling between 
loops is small and loops may be considered in isolation, but is less 
suitable for multi-degree of freedom systems where, for example, the 
principle of superposition may no longer apply. This is because the 
linear equivalent is a function of amplitude and the amplitudes of 
the various modes being added together will, in general, be different, 
thus requiring the linear equivalent of the non-linear stiffness to 
be a number of different values simultaneously. In the case of 
brake squeal, only the unstable root is of interest, since all other 
solutions tend to zero as time tends to infinity; therefore only 
the vibration of this mode need be considered. 
4.2 Equivalent Stiffness Method of Kryloff and Bogoliuboff 
Adapting the theory of Kryloff and Bogoliuboff to the situ-
ation which describes the brake system, consider the equations 
for \:I, ... n 
When ~ = 0, the general solution is given by the sum of contri-
butions from all the modes, each with arbitrary amplitude unless 
defined by a set of initial conditions. However, here only the 
solution that will go unstable when 6 + 0 is considered. 
For ~ = 0 
)t.s : 
where ~~,~\ are the amplitude and phase components of the eigenvector 
corresponding to the eigenvalue V. For the linear case, ~I has 
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values which are either equal to some value ~. or ~.~~ • Now 
differentiating the solution with respect to time 
• 
Consider now 4\ and ~\as functions of time which must be 
determined if equation 4.2.2 is to become a solution of equation 
• 
4.2.3 
, t.4\ . ~u..(llh"'l) ~ 4\ t,4fI. Cc., (-.It-t~,) 
+ 0.,,, Cc,. ("lit +q>,) 
But if equation 4.2.3 is to hold, then 
·0 
Differentiating equation 4.2.3 
, 
4.2.6 
Inserting equations 4.2.2 and 4.2.6 into equation 4.2.1 
t o\" (q.("II-I:~'fI) - o.,tq, V~u.{,)"t:t(h) t ~ksix.i - C1sy\Su..(IIl-t'llI) 
• -, ~,(C1\ ~u..("II-I:. +c~, \ ,0.\" &. (\1-1:. 1-'\'1 \) 
This equation must hold for ~ = 0 when ~(l\ = t~1 = 0 
Thus 
Combining equation 4.2.7 and equation 4.2.5 and solving first for 
tOo.l and then for ~"I 
-0 4.2.8 
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till CtnC"t+'fI.) '" o.';;/fl Su..(vl:.tCfd: -~11((I.\SI,lo.(~-t~"I),4\9~(~ifL)r.2,9 
. ~J\ (a.\ ~ ..... ("tiCfI),o.\'II Cn(,,-I:~I)) Gt, (",1:04,£) 4.2,10 
~ d.. Both <EAI andrJa;C\'I are proportional to the small parameter fo So 
that 4\ and Ifs are slowly varying functions of time, in comparison 
with the rates of variation of the solution x, 
Now, the functions !s can be expanded aB Fourier series, so 
that 
llr 
where I(o(~) ~ in .. ( f (o..Su..op,G.'IICc.qI) Ctnq> cl.~ 
where 4,2,15 
The values of ~f(o.~u..Cflo.'IICcn,,)(u..Cf and t,(,,(~cplG.'IIlA\.,)CmCf 
may be averaged over the time interval for which 0., and 'f may be 
considered constant, The sinusoidally varying terms may thus be put 
equal to zero, leaving only 'bC",) and 1( .. lP.,). 
or 
Combining equations 4,2,10, 4,2,12 and 4.2,13 gives 
211 
et Cl, : - ~ tu J ~s(o.s S"-CI' 10.,,, CcD'F ) em" d.C(' 
Combining equations 4,2,11, 4,2,14 and 4,2,15 gives 
\" 
t~~ · \)~ trr { h (c., ~~ lo.l~ Cmet') ~u.~ clef 
• 
ir 0.1 • 4.2,18 
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4.2.19 
It will be noted that ., is now a dummy variable. 
Now put 
Whence 
and •. ,!- ..... ~ + l& P I. 1 _a 0 0:; OULC neglecting terms in ~ 
Put 4.2.20 
and 
Whence 
• 
ttl" 
and : .. J {"I'1. -I 1*, !-n ~ ~,(o., ~\&.." .o.tv((I)CP ) ~u...Cfcl.Cf) 
4.2.23 
Now 
and differentiating with respect to time 
• + 
• 4.2.24 
differentiating again 
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d.~ 
-ks Cl.J c..~\ 
, 
r""h &." 'lC~ : 2. ... ~ - <1.$ ... ~ 
-\, 
-", CO:! W\ Cn't'~ + A\ Su.. "\0, 1- -014 
-~\ ().l"" CC'I\h -, : -0., w~ S\A.o~~ + ).I/~ S .... '\0 S 4.2.26 
Rearranging equation 4.2.26 
• ~'(O) 4.2.27 
and substituting from equation 4.2.24 
~\~ ~ ~, ~ '\Cs \ ~u..I.\~ ~ + 11., w, 
.~ - cl. &' 11., 4 AS dj, 'XI + ... ,' 1Is , '\(0) 
The condition used to obtain equation 4.2.7 was 
2,'1. K.sj K.i 
or 
'-0 
If equations 4.2.23 and 4.2.30 are substituted into equation 
4.2.29, then the following is obtained to within the order t~ 
This equation is the same as equation 4.2.1 to an accuracy of 
order ~\; the coupling terms are identical, but the stiffness term k't 
-is replaced by the term k,. , and a linear damping term As has now 
appeared. The equations are, of course, now linear and may be 
solved using linear methods. 
Coupling terms are generally small and are certainly small in 
the case of the brake system model. The equations stated in the form 
of equation 4.2.31 require the major non-linear stiffness terms to lie 
on the main diagonal of the stiffness matrix, but this would require a 
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coordinate transformation to achieve such a matrix, given the set of 
equations which already exist. This transformation could be achieved, 
but there is no reason why equivalent stiffnesses should not be inserted 
in the existing equations, where the appropriate amplitude of vibration 
of a particular mode component is used to calculate both the linear 
stiffness equivalent to a known non-linear stiffness and also an 
appropriate modification to the damping. 
From the form of Ic~\ 
111 
-Itu { ~I (0.\ Sv-C(' ,Dol" (,.,cr ) ~u..1V !Cf 
• 
4.2.32 
it can be seen that linear damping terms will make no contribution to 
the equivalent stiffness and that only the non-linear stiffness 
characteristic need be considered, since it is assumed that no non-
linear damping is present. 
In the same manner, from the form of ~I 
I .. 
1\',;;, [ ~I (Do.\ Su..~, ot."ICc,~ ) Cc,~ clq 
~ 
• 4.2.33 
it can be seen that linear damping terms are unaltered, that linear 
stiffness terms make no contribution and, again, that only the non-
linear stiffness characteristic need be considered. 
By being able to linearise the set of equations for a known set 
of amplitudes, it is possible to calculate limit cycle amplitudes by 
means of an iterative process which can now be discussed. For a 
single degree of freedom it would be possible, in general, to obtain 
the limit cycle directly, but since the eigenvalues and eigenvectors 
of the linearised set of equations and also the equivalent linear 
stiffnesses and damping values have to be obtained numerically, it is 
necessary to employ an iterative technique here. 
The form of the non-linearity is best represented by a single 
analytic function if possible. Physically, the function must represent 
the low pad stiffness when only a low force is applied and only a 
limited area of the pad is making contact with the disc, and a rising 
pad stiffness as more force is applied, until a nearly linear charac-
teristic is achieved, when all the pad is in contact. 
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A function which gives this type of characteristic is 
1c.(J 1",'\1." -, ) 
and the gradient is given by 
f l I .... ' •• "'~ I·~I \. • I "'''It'' 
_ 0 10 _ 0 
- " 
,. - GO 
NOw, in order to meet the conditions of the linear model, 
Thus 
Eliminating k 
Now put 
No/ 
I~' 
F I 
"''''''-
, NO 
F' I ........ ' 1(.1'1 
No " ( J 1 ....... ' - 1 ) 
• 
(I ... ~, 
{ . 'Iv.' ... , 
. J '+11.' )/v. NO 1'4." 
Using Newton's Procedure, that if '" is an approximate root 
of an equation ~( ... \ , then a better approximation is given by 
• 
and, substituting for tt~' and +1(~) 
(, "" '1(.,' -~ )/ ... , _ WO/le" 
'\I., (I - '/¥,' ... /1+')(,' /¥,' -'/I, -+.".,' ) 
4.2.36 
Solution of this equation gives a value of x which can be used 
to calculate a value of k = k which allows the initial boundary 
'" .. 
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conditions to be satisfied; that is that at a particular preload 
force, No , the stiffness is equal to the value KPl. 
If x is now replaced by x ..... ' so that 
\I. • "0 ... ... I 
. , 
,. • 
" 
.. .. I 
" 
• 
" 
the stiffness terms in the equations become of the form 
~~ (J I + ('\(.+~I)" - I ) 
and this can be written in the form required by" Kryloff and 
Bogoliuboff as 
and this, forE-" becomes the non-linear form of the equation. 
Assuming that (:- = 1 
Ill' 
4.2.37 
'if-: {~u.., (J I U: .2.1C .... SU.cp ..... ~rv..\., - I - O'S ..... Cf)~'f 
• 1" 
k1r r ~\.I. \, Act 
I> 
1<. • k~ 
'If 
But ~ ~"'-., d.'V • 
·l .. ·0 ( ~u..'ct clCf 
" 
• 1'i 
&I, 
k f ~u..'I' J I ... 'l(~ .1".CI.~""'I' 
• lA 
I> 
I Su.., J I +:It~ + 'be. 11 ~\o\,~ + c." S",-l~ 
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Now equivalent damping is given by 
• 
where 
This expression for F is clearly an anti-symmetric function 
which may be expanded as a power series in Sin". 
But 
• o for all n • 
Thus each term of the equivalent damping,if expressed as a 
sum of the series expansion, is equal to zero and the contribution to 
the system damping due to the non-linear stiffness is zero. 
This demonstrates that a simple non-linear stiffness can be 
regarded as linear for a given amplitude of oscillation and, if it is 
of an appropriate form such as the one selected here, the stiffness 
increases with amplitude. 
The pad stiffnesses will have a characteristic of this form 
and thus, once a root of the characteristic equation has a positive 
real part, the amplitude of oscillation will increase and the effective 
stiffness will increase also. The root will thus move up the path 
defined by increasing pad stiffness until the imaginary axis is crossed 
once more, at which point the real part falls to zero and a stable 
oscillation occurs. This is the limit cycle and the roots appropriate 
to this point define the squeal frequency, the mode shape and, if the 
stiffness characteristic is known, the limit cycle amplitude. 
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5 EXPERIMENTAL INVESTIGATION 
5.1 Introduction 
The theory discussed in Sections 2, 3 and 4 clearly needs 
some verification before it can be accepted as a mathematical 
description of the mechanism of brake squeal. Such verification 
naturally falls into two parts; the first covers the theory of Section 
2 and examines the practical vibration of a non-uniform stationary 
disc; the second part Covers the theory of Section 3 and examines the 
squealing braking system. 
This verification is best achieved by experimental investigation 
which allows the practical behaviour of the system to be measured and 
correlated with the predictions of the theory. Thus a rig has to be 
built which will facilitate the measurement of all the system parameters 
required by the theory, and will also facilitate the measurement of 
the behaviour of the stationary disc as well as the squealing brake. In 
essence, therefore, it must consist of an actual brake system which 
can be driven under controlled laboratory conditions and which will 
allow the necessary access of laboratory instruments for the required 
measurements to as high an accuracy as possible. 
5.2 Rig Description 
Overall views of the rig are given in Figures 5.2.1 to 5.2.6. 
The base of the rig was a scrapped machine tool base Weighing 
approximately half a ton; 
surface on which to mount 
this provided a massive base with a plane 
the brake assembly and vibration pick up. 
The brake disc was bolted to a short shaft of high stiffness running 
in two ball races which could be adjusted to minimise longitudinal 
movement of the shaft. The bearing housing adjacent to the disc was 
drilled to allow the caliper to be mounted in its correct operating 
position relative to the disc: three positions were provided, one 
horizontal and two vertical. The shaft was driven by means of three 
V belts from a 20:1 reduction gear box, which, in turn, was driven by 
a variable speed DC motor of approximately 10 HP. 
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Figure 5,2,3 Disc, vibrator and accelerometer probe. 
Figure 5.2.4 
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\ 
\ 
\ 
" 
Disc, magnetic blocks, vibrator and probe. 
, 
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Figure 5.2.5 Horizontal view of disc, caliper and instrumentation. 
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Figure 5.2.6 Vertical view of disc, caliper and 
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Concentric with the shaft was mounted an arm which held either 
a Wayne Kerr vibration pick up or an accelerometer probe. This arm 
allowed the pick up to traverse round the periphery of the disc with 
a total disc and pick up run out of less than .005 ems. There was 
sufficient friction in the assembly to allow the pick up to remain 
in any position and the mean distance of the pick up and arm from the 
disc could be adjusted by means of a screw after two locking screws 
had been slackened". 
The caliper used was a Lockheed single piston, swinging caliper. 
The basic caliper was a SUbstantial steel pressing with a slot in 
which the disc could run. Tb one side of this slot was a cut-out which 
located and accomodated the slave cylinder, and, offset from the slot 
at one end of the caliper, was the pin about which the caliper could 
swing. This pin was fixed to a mounting assembly which could be 
bolted to the stub axle, or, on the rig, to the bearing housing, and 
at the other end of the caliper was a spring loaded clip to provide 
a degree of friction between the caliper and the mounting assembly. 
The pad nearer to the slave cylinder was located by the mounting 
assembly, the disc and the slave piston. The other pad was located by 
the caliper and the diso, and was maintained at right angles to the 
plane of the caliper by an auxiliary steel pressing held by a olip in 
the main caliper pressing. 
Initially, the caliper was mounted horizontally and connected 
to a 300 psi pressure gauge and a master cylinder by means of 
steel Bundy tubing. The master cylinder was modified so that the 
seal at the end of the actuating rod was pressed more firmly against 
its seating: this eliminated fluid leakage past the seal at low 
pressures. After the initial stiffness measurements had been taken, 
the slave cylinder was connected, for convenience, to the rest of the 
hydraulic system by means of a normal rubber hose. 
The pressure gauge was calibrated from 0 to 300 psi by means 
of a dead load tester. On the rig, pressure was applied to the master 
cylinder by a screwed rod and a handwheel scribed at five degree 
intervals of rotation. Two perspex Windows behind the handwheel had 
vertical lines marked on them and, by aligning the marks on the 
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windows with the appropriate mark on the handwheel, a consistent and 
accurate measure of master cylinder rod displacement could be obtained. 
5.3 Instrumentation 
A Wayne Kerr vibration meter, in conjunction with a ".010 inch 
sensitivity probe, was employed to measure the mode shapes of the 
brake disc whilst the brake was squealing. The output of the meter 
was fed into suitable electronic conditioning circuits to provide 
a smoothed amplitude of vibration which was used to drive the y axis 
of an EAL 1100E Variplotter. The meter was used on a x5 setting 
giving full scale of 0.002 inches, but the conditioning circuits 
employed a high gain such that amplitudes in the region of 0.0001 
inches could be detected. 
The pick up arm was clamped to a precision rotary potentiometer 
and the output of this was used to drive the x axis of the vari-
plotter and thus indicate pick up angular position. 
The y and theta displacements of the pads and caliper were 
measured by means of four Band K Type 4113 accelerometers mounted 
on specially prepared areas of the pads and caliper. Areas were 
prepared on each at points equidistant from the C.G.s of the com-
ponents such that the axis of sensitivity of the accelerometers 
lay in the y direction. Thus the sum of the outputs was proportional 
to the y acceleration of the pad or caliper and the difference was 
proportional to the theta acceleration." 
The outputs of the accelerometers were taken to a suitable 
network of operational amplifiers which performed the required summing 
and differencing operations and the gains were adjusted, using an 
accelerometer calibration table, such that when the four accelerometers 
were mounted on the table, the difference channels gave zero output and 
the summing channels gave 20 millivolts/g. 
The sum and difference channels were then used to drive the 
four inputs to a Tektronix four beam oscilloscope which was fitted with 
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a 4 x 5 Land Polaroid camera and a supply of 3000 asa film so that 
single sweeps of the beams at high time base speeds could be 
recorded. 
An additional instrumentation channel accepted the output of 
a single accelerometer which was used as a probe for locating the nodes 
of vibration of the stationary disc. This probe could be mounted on 
the arm which normally held the Wayne Kerr pick up. 
The vibrator used to vibrate the stationary disc was a 
Derritron electromagnetic vibrator driven from a Venner Wide Range 
oscillator and a 15 watt linear amplifier. Frequency was monitored 
by a Venner frequency meter, Type TSA 3334. 
5.4 ~asses, dimensions and physical properties 
The principal masses and dimensions which could be obtained 
by straightforward weighing or measurement are tabulated below, 
together with other known properties of the system components. 
Disc material 
Elastic modulus, E, from Reference 35 
taken as 
Specific gravity, from Reference 35 
DenSity taken as 
Poisson's Ratio, from Reference 37 
Inner radius of annular disc 
Outer radius of annular disc 
Mean thickness of disc 
Total length of pad backing plate 
Approximate distance of pad CG from 
material surface 
Approximate effective pad material length 
Aass of actuating piston 
Mass of caliper mounting assembly 
Aass of swinging caliper assembly 
BS 1452/l4 
Grade 14 Cast Iron 
14 - 17106 lb/in'" 
1.071011 N/m'" 
7.2 - 7 .. 3 
7.25.t03 kg/m'll 
0.26 
52.37 mm 
106.8 mm 
11.09 mm 
100 mm 
10 mm 
80 mm 
0.2631 kg 
0.8014 kg 
1.6515 kg 
-72-
other parameter values are listed in the sub-sections below. 
Details of their derivation are given fully in Section 12.5. 
5.4.1 
Pad 
Cl 
C2 
D1 
D2 
El 
E2 
G1 
G2 
Xl 
X2 
Masses and moments of inertia 
Mass kg 
0.1941 
0.1945 
0.1949 
0.1973 
0.2056 
0.2037 
0.2273 
0.2092 
0.2082 
0.2078 
Moment of inertia 
10-4 kg.m"" 
1.218 
1.220 
1.223 
1.238 
1.290 
1.278 
1.428 
1.312 
1.307 
1.'304 
The mass of the pad backing plate was calculated to be 0.129 kg. 
Mass of caliper assembly plus piston 
M.'I.' of caliper assembly plus piston 
For mode order 1 
Disc equivalent mass, Mequ 
Disc equivalent M.' I., Iequ 
For mode order 2 
Disc equivalent mass, Mequ 
Disc equivalent M.I., Iequ 
= 1.914 kg 
= " kg.m 
= 0.1713 kg 
= 1. 954t0-3 " kg.m 
= 0.7607 kg 
= 2.168:.0-3 kg .m" 
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5.4.2 System stiffnesses 
System stiffnesses are given in the following table. 
Caliper 8.32107 N/Il1 
Pads X 11. 59t07 N/Il1 
Pads C 14.54107 N/Il1 
Pads D 16.34w7 N/Il1 
Pads E 23.-73107 N/Il1 
Pads G 18.06w7 N/m 
5.4.3 System damping 
Measured values of the percentage critical damping present 
in the pads and the disc are given in the table below. Details of 
the method used to convert these figures to actual figures for the 
viscous damping coefficient are discussed in Section 12.-5. 
Pad 
X 
C 
D 
E 
G 
Disc mode number 
1 
2 
3 
4 
5 
Mean percentage critical damping 
0.5188 
0.4761 
0.4548 
0.4733 
0.6595 
Mean percentage cri tical damping 
0.128 
0.077 
0.072 
0.091 
0.075 
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6. MEASUREMENTS ON THE STATIONARY DISC 
6.1 Program Parameters 
Natural ~requencies and mode shapes o~ the stationary brake 
disc were measured under a range o~ conditions. The conditions 
effectively altered the density of the disc over a segment and thus 
the frequencies and mode shapes could be predicted theoretically 
using the Ritz Rayleigh procedure. 
The computer program used a radial mode shape given by 
deW) = (IV - RO)tk RO<A<W<B 
and the relevant parameters of the disc from Section 5.4 are repeated. 
Elastic Modulus, E = 1.071011 N;ln" 
Density = 7.2~03 kg;ln' 
Poissons Ratio ,NU = 0.26 
Inner radius of annular diSC, A = .05237 m 
Mean outer radius of annular disc, B = .1068 m 
Mean thickness of disc, H = .01109 m 
The plain disc was excited by an electromagnetic vibrator 
driving a pointer pressed against the disc with a small pre-load. 
Mass of pointer 
~hss of armature 
'lbtal mass 
= 2.81 gms 
=10.70 gms 
= 0.01351 kg 
If this acts over a segment enclosed by an arc of .01 radians 
Area of Segment 
Normal density of disc 
Additional density in segment 
= (0.1068t2 - 0.05237t2) * 0.01 1 2 
= 4.334,.0-5 m" 
= 7 .2~03 * 0.01109 
= 80.4 kg;ln" 
= 0.01351/4.334,.0-5 
= 311.7 kg/m" 
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Thus parameters F, G, Y1, Y2 in the program are given by 
F = 
G = 
Y1= 
Y2= 
-0.005 radians 
0.005 radians 
392.1 kg;m" 
80.4 kg;m" 
The second condition of the disc was achieved by attaching 
two magnetic blocks to the disc which effectively altered the density 
over the area of attachment without altering the stiffness. The 
blocks were rectangular, width 25.4 mm, so the angle subtended by the 
equivalent segment of disc was taken to be the angle subtended by the 
blocks at the mean radius of the annulus. 
Mass of blocks 
~ass of pointer and armature 
Total mass 
Mean radius of annulus 
Angle sUbtended 
Area of segment 
Additional density 
Thus 
F = 
G = 
Y1= 
Y2= 
-0.1596 radians 
0.1596 radians 
435.1 kg;m" 
80.4 kg;m" 
= 0.4773 kg 
= 0.0135 kg 
= 0.4908 kg 
= (0.05237 + 0.0168)/2 
= 0.07958 m 
= 25.4/79.58 
= 0.3192 radians 
= [(0.1068)12 - (0.05237)12] 
* 0.3192/2 m" 
= 1.38410-3 m" 
= 0.4908/1.3~0-3 
= 354.7 kgjm'" 
The third condition of the disc was achieved by clamping the 
caliper and pads to the disc. For this set of measurements, the caliper 
and pads were clamped to the disc by setting the hydraulic pressure to 
300 psi. The parameters of the system were calculated as follows. 
Armature mass 
Probe mass 
Piston mass 
Caliper and cylinder 
Pad Xl 
Pad X2 
Total mass on disc 
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= 
= 
= 
= 
= 
= 
= 
0.0107 kg 
0.0028 kg 
0,2631 kg 
1,6131 kg 
0,2083 kg 
0,2079 kg 
2,3059 kg 
The shape of the disc is such that the area of contact with the 
disc is not an exact segment of the annulus, To a first approximation 
however, the pad was assumed to make contact over a segment subtending 
an arc of 85 mm at the periphery of the disc. 
Angle subtended = 8,5 / 10,68 
= 0,7959 radians 
Area of the segment = [(O,1068)t2 - (O,5237)t2] 
* 0,7959/2 m~ 
= 3,449,.0-3 m" 
Additional density = :l,3059 / 3,44910-3 
= 668,5 kgjm" 
In this case the list of program parameters is as follows, 
F = -0,3979 radians 
G = 0,3979 radians 
Y1= 
Y2= 
748.9 kgjm" 
80.4 kgjm" 
Using these values as input to the program, taking six terms 
in the Ritz Rayleigh approximation and integrating to an accuracy 
of 0,001, the remaining unknowns were RO and k in the assumed radial 
mode shape expression, 
A number of values of RO were used and gave no improvement in 
accuracy in predictions between two conditions of disc densities. For 
any value of RO < A, a corresponding value of k could be found for a 
particular mode of the plain disc in order that measured and calculated 
natural frequency should be the same; these two values then gave a 
reasonable prediction of frequencies in the corresponding mode in the 
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loaded disc, although as RO was reduced, k increased to values which 
seemed improbably high. 
disc. 
RO was therefore defined by considering the properties of the 
The centre of the disc was a stiff casting of top hat shape 
which was bolted at four points to the shaft. This would certainly 
constrain RO to having a value equal to or slightly less than A. 
Also, in the energy equation of the approximation, the energy of the 
top hat has not been considered and this would also constrain RO to 
be about the same value as A. Since RO could not equal A without 
requiring the integration procedure in the program to integrate a 
function having an infinitely large value at the origin, RO was set 
equal to 52.30 mm in all disc calculations. 
Natural frequencies of the six modes of the plain disc 
obtainable by using six terms were calculated for k ranging from 
1.0 to 2.0. The values of k for each mode which allowed the measured 
natural frequency and the calculated natural frequency to coincide lay 
close to a straight line, which could then be used to predict the 
natural frequencies of any other disc condition and the corresponding 
mode shapes. 
More terms could be used in the approximation to give improved 
accuracy, but bearing in mind the limited accuracy obtainable in the 
measurements of parameters, the measurements of natural frequencies 
and mode shapes for correlation results and the empirical and approxi-
mate radial mode shape, it was felt that the extra processer time 
required to calculate more than six terms was not justified. 
Below is given a table comparing the six term approximation 
with a ten term approximation in a particular case. 
6 term 10 term 
1. 2176.7 2162.6 
2. 3312.3 3311.9 
3. 3810.9 3808.4 
4. 4834.6 4826.6 
5. 6434.5 6412.9 
6. 8597.5 8540.0 
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A complete list of input values to the program using the 
notation of the listing in Section 12.1 is as follows 
Uniform Disc plus Disc plus 
Disc Masses Caliper 
lnner disc radius nun A 52.37 52.37 52.37 
outer disc radius nun B 106.8 106.8 106.8 
Angle of density 
increase radians F -0.005 -0.1596 -0.3979. 
Angle of density 
decrease, radians G 0.005 0.1596 0.3979 
High density value 
kgjm~ Yl 392.1 435.1 748.9 
Low density value 
kgjm'" Y2 80.4 80.4 80.4 
Flexural stiffness D 1.304,04 1.304,04 1.304104 
Disc thickness nun H 11.09 11.09 11.09 
Poissons Ratio NU 0.26 0.26 0.26 
Iibde shape parameter 
nun RO 52.30 52.30 52.30 
Number of terms R 6 6 6 
Integration accuracy ACC .001 .001 .001 
From Section 2.2 
Flexural stiffness D 
'" 
e ... \ / ''l.(,-",~) 
'" [1.071011 * (0.01109) f3 ] / [ 12 * (1 - (0.26) f2 )] 
6.2 Disc Measurements 
An annular disc has a large number of natural frequencies, 
due to both radial and circumferential modes, and also a number of 
modes due to the method of attachment of the disc to the shaft. 
The damping of these modes appears to vary and it is also very easy 
to excite the lightly damped modes when the disc is being excited at 
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a sub harmonic frequency. 
Two criteria were used to help in defining modes. One was 
that the responses should be 90 degrees out of time phase with the 
exciting force at a resonance and the second Was that the nodes of 
the resultant mode shape should be zero. If the nodes were ill 
defined or the time phase was not 90 degrees, then clearly more than 
one mode was being excited. 
In the cases of the more heavily damped modes, it was 
impossible to excite the required mode without obtaining contri-
butions from adjacent unwanted modes, and also from modes with 
natural frequencies two or three times the exciting frequency. 
This made accurate measurement of the natural frequency impossible 
and moved the points of minimum vibration relative to the nodes of 
the required mode shapes, so that the mode shape could not be accurately 
measured either. 
For the plain disc, the natural frequencies of the six modes 
were calculated for values of k, the mode shape exponent, ranging from 
1.0 to 2.0. These were plotted on a graph as illustrated in Figure 
6.2.1 and lines of constant frequency, one for each measured natural 
frequency, were added. 
The theoretical curves cut the measured lines at points 
which lie approximately on a straight line. A straight line was 
fitted and the values of k subsequently used to predict natural 
frequencies and mode shapes are those values of k defined by the 
points where this straight line cuts the theoretical curves of 
natural frequency against k.' 
Figures 6.2.2 to 6.2.7 give graphical illustrations of the 
mode shapes and the measured nodes are marked on the horizontal axis. 
in each case. Tabulated data are presented in Section 12.6. 
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6.3 Disc with masses attached 
The natural frequencies of the disc with the masses attached 
were plotted against k, the mode shape exponent, as shown in Figure 
6.3.1. The straight line fitted to Figure 6.2.1 was superimposed 
on Figure 6.3.1 and values of k defined for each disc mode by the 
points where this line cut the theoretical curves. These values of 
k were used to predict the natural frequencies and mode shapes as 
presented in Figures 6.3.2 to 6.3.7. As in Section 6.2, the 
measured nodes are marked on the horizontal axis and the numerical 
results are tabulated in Section 12.6. 
In this case, it was impossible to excite the circumferential 
mode order I without exciting a sharp radial mode simultaneously, and 
this caused the appreciable nodal shift which is evident in Figure 6.3.2. 
Apart from this discrepency, the predictions agree well with the 
measured nodal positions. 
6.4 Disc with the pads and caliper attached 
The natural frequencies of the disc with the pads and the 
caliper attached were calculated using the known parameter values 
and were plotted against k, the mode shape exponent, as shown in 
Figure 6.4.-1. The straight line fitted to Figure 6.2.1 was super-
imposed and values of k defined for each disc mode as in Section 6.3. 
These values of k were used to predict the natural frequencies and 
mode shapes as presented in Figures 6.4.2 to 6.4.7. As in Section 6.2, 
the measured nodes are marked on the horizontal axis and the numerical 
results are tabulated in Section 12.6. 
In the model used for predicting the mode shapes and natural 
frequencies of the disc, it has been assumed that the only change in 
the disc has been a change in disc density over a certain segment of 
the disc. In the case of the attached magnetic blocks, this was 
substantially a correct assumption and the correlation between 
experiment and theory was correspondingly good. In the case of the 
caliper and pads being clamped onto the disc, however, a complex 
vibratory system is attached to the disc and its vibratory behaviour 
will clearly interact with the modes of the disc to produce mode 
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shapes and natural frequencies rather different from those predicted 
by the simple theory. 
Thus, the model is only very approximate for the case when 
the caliper is clamped to the disc and the correlation is very much 
less good than in the more well defined situation. It is to be 
noticed, nevertheless, that the correlation for mode number 6 is 
good and it is likely that the interaction from the caliper dynamics 
is principally between 2 and 6 kHz, since the correlation for mode 
orders 1 and 2 is also fairly satisfactory.' 
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6.5 Effects of applied torque 
NOdal shift as measured by Fosberry and Holubecki was about 
10% of the nodal spacing in the direction opposite to that of rotation. 
This would range from about 9 degrees for mode order 2 to about 3.6 
degrees for mode order 5. 
In order to determine if this nodal shift was due to the applied 
torque at the caliper, the natural frequencies and nodal spacings were 
determined with no applied torque and also with 75 ft.lb of applied 
torque. The results are given below. 
Applied torque 
o 
75 
o 
75 
o 
75 
o 
75 
134 
135 
83 
88 
69 
65 
56 
60 
93 
99 
Nodal positions 
130 
129 
114 
113 
138 
139 
230 
230 
233 
232 
159 
154 
178 
180 
293 
305 
207 
200 
217 
224 
Mean nodal shift = 1.4 degrees 
251 
250 
259 
263 
296 
297 
303 
303 
Frequency 
1622 
1622 
2489 
2493 
4363 
4389 
5237 
5294 
In these measured shifts, there is no consistent shift from one 
mode to another, and, while making these measurements, it was noticeable 
that the clean modes obtained at zero torque were impossible to obtain 
when the 75 ft.lb of torque were applied. This is consistent with the 
excitation of a Sine mode which in turn accounts for the small measured 
nodal shift. It is probable, therefore, that the applied torque moveS 
the centre of pressure by a small amount which then allows the excitation 
of a small Sine component. This Sine component is also fixed relative to 
the pads and gives rise to an apparent nodal shift, but does not cause 
any real nodal shifts. 
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7 MEASUREMENTS ON THE BRAKING SYSTEM 
7.1 Program parameters 
From Sections 5.3, 5.4 and 5.5 a list of system parameters 
can be compiled for mode order 1 and pads C, the case selected for 
system correlation purposes. 
The two parameters which have not been measured are the 
coefficient of friction, MU, and the force, NO, pressing the pads 
to the disc. MU has been taken as 0.4 and squeal typically occurred 
in the region of 50-70 psi line pressure. On a 2 inch diameter 
piston this gives a force of about 1000 Newtons.' 
Using the notation of the listing in Section 12.3. 
Mass of caliper 
Equivalent mass of the disc 
Mass of pad Cl 
Mass of pad C2 
Inertia of the caliper 
Equivalent inertia of the disc 
Inertia of pad Cl 
Inertia of pad C2 
Linear stiffness of caliper to earth 
Rotary stiffness of caliper to earth 
Linear damping of caliper to earth 
Rotary damping of caliper to earth 
Linear stiffness of disc to earth 
Rotary stiffness of disc to earth 
Linear damping of disc to earth 
Rotary damping of disc to earth 
Linear stiffness of pad 1 to disc 
Linear stiffness of pad 2 to disc 
Linear damping of pad 1 to disc 
Linear damping of pad 2 to disc 
Linear stiffness of caliper to pad 1 
Linear stiffness of caliper to pad 2 
Linear damping of caliper to pad 1 
Linear damping of caliper to pad 2 
MC 
MD 
MPl 
MP2 
IC 
ID 
IPl 
IP2 
KCL 
KCR 
CCL 
CCR 
KDL 
KDR 
CDL 
COR 
KPl 
KP2 
CPl 
CP'~ 
KFl 
KF2 
CFl 
CF2 
= 1.914 kg 
= 0.1713 kg 
= 0.1941 kg 
= 0.1945 kg 
= 6.45010-3 kg.m~ 
= 1.954,.0-3 kg.m" 
= 1.218t0-4 kg.m~ 
= 1.'22010-4 kg.m" 
= 0 
= 0 
= 0 
= 0 
= 8.786t06 Njrn 
= 1-.002105 N.m/radian 
= 3.139 Njrn/sec 
= 
< 
< 
< 
< 
< 
< 
< 
< 
3.58210-2 N.m/radian/sec 
1.454108 Njrn 
1.454108 Njrn 
22.04 Njrn/sec 
22.04 Njrn/sec 
8.32107 Njrn 
8.32107 Njrn 
2.0 Njrn/sec 
2 .. 0 Njrn/sec 
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Distance of pad 1 reaction from disc D1 = 7.5Oto-3 m 
Distance of pad 2 reaction from disc D2 = 1.7510-2 m 
Coefficient of friction MU = 0.4 
Force pressing the pads to the disc NO = 1000 N 
Half the disc thickness H = 5.54~0-3 m 
Half the effective length of pad 1 L1 < 0.040 m 
Half the effective length of pad 2 L2 < 0.040 m 
Stiffness of pad 1 pivot to earth KPE < 108 N;\n 
Stiffness of pad 2 pivot to caliper KPC < 108 N;\n 
These values were used in conjunction with the program 
listed in Section 12.3 to provide predicted frequencies and mode 
shapes of the squealing system. 
7.2 Measured disc mode shapes 
In Figure 7.2.1 is shown the actual trace of the vibration 
pickup output plotted against pickup position, where the pad centre 
is defined as an angular position of zero degrees. The squeal was 
intermittent, occurring each revolution of the disc with a duration of 
about half a revolution, and the vibration amplitude was thus not 
constant with time for any particular pickup position. This accounts 
for the peakiness of the mode shape plot and the true mode shape is 
given by the envelope of the plot.. The phase was measured as well 
and showed that the vibration at a pickup angle of 90 degrees was 
approximately 180 degrees out of phase with the vibration at a pickup 
angle of 270 degrees. The disc mode was thus clearly of mode order 1 
with a single nodal diameter very close to a pickup position of 180 
degrees. Figure 7-.2.'1 was measured at the same time as the system 
mode shapes of Section 7.3; Figures 7.2.2 and 7.2.3 were taken at 
other times, but show very similar shapes. 
It is also clear that the disc mode has a very large Sine 
component compared with the Cosine component and the ratio of the two 
amplitudes is approximately 15 to 1.. This result is in contrast to 
the results of References 10 and 12 where the disc squealed generally 
in mode order 3 and considerable nodal shifts were observed. 
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The disc mode shape can be expressed in terms of the 
freedoms of the equivalent beam as 
6. / .,. IS''' ~. . 
where 9. is in radians and ':l. is in metres. 
7.3 System mode shapes 
During the same period of squeal as the measurements of 
Figure 7.2.1, the outputs of the accelerometers fixed to the pads and 
caliper were fed to the oscilloscope and photographed. 
Figures 7.3.1 to 7.3.3 show three photographs of the y and 
theta motions of pad 1 and pad 2; Figures 7.3.4 to 7.3.6 show three 
photographs of the y and theta motions of pad 2 and the caliper; 
Figure 7.3.7 shows a timebase calibration. 
Clearly, the traces contain considerable harmonic content. The 
traces were, therefore, digitised on a PCD trace reader, taking 32 
points per cycle, and the Fourier coefficients were obtained numerically 
using an existing Fast Fourier Transform program. This showed that 
significant second and third harmonics were in all the traces and the 
results for the fundamental and two harmonics are tabulated below. 
Photo. Trace 2622 Hz 5243 Hz 
1 1 94.55 44.17 
2 107.20 15.17 
3 120.35 16.53 
4 126.38 58.51 
1 111.51 49.56 
2 141.86 23.75 
3 110.71 7.04 
4 101.96 24.26 
7865 Hz 
5.18 
0.88 
10.97 
12.63 
2.69 
0.96 
11.84 
3.82 
Sensitivity 
Volts/cm 
1.0 
2.0 
0.5 
0.2 
0.5 
1.0 
0.5 
0.2 
Variable 
~I 
&.. 
~, 
Eh 
';I, 
&, 
~\. 
6 .. 
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Figure 7.3.1 The y and theta accelerations for pads 1 and 2. 
'i. 
&. 
Figure 7.3.2 The y and theta accelerations for pads 1 and 2. 
'It 
&, 
Figure 7.3.3 
~, 
0\ 
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The y and theta accelerations for pads 1 and 2. 
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FigUre 7.3.7 Calibration of the time base at 3000 Hz. 
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Photo. Trace 2622 Ifz 5243 Ifz 7865 Ifz 
3 1 106.02 37.72 2.53 
2 111.31 20.06 2.49 
3 118.54 13.22 20.99 
4 145.57 59.96 7.88 
4 1 101.24 47.44 3.98 
2 114.17 27.75 1.74 
3 38.56 5.95 1.12 
4 41.43 3.30 5.77 
5 1 116.19 44.93 6.97 
2 124.03 18.13 1.30 
3 42.65 3.90 0.62 
4 60.95 3.85 3.76 
6 1 118.92 77.34 13.11 
2 198.84 32.15 4.08 
3 32.65 4.33 0.55 
4 40.10 3.19 4.15 
The distance between the accelerometers on the 
The distance between the accelerometers on the 
The output of the y channel 
The output of the theta channel 
Sensitivity 
Volts/cm 
Variable 
1.0 ~I 
2.0 9-. 
0.5 ., .. 
0.2 ~\. 
1.0 ~. 
2.0 9, 
0.5 
"IS 
0.2 9, 
1.0 'jl 
2.0 &.. 
0.5 ~l 
0.2 Ih 
0.5 ~I 
1.0 8. 
0.5 ';)l 
0.2 1:1] 
pads = 0.092 m 
caliper = 0.159 m 
= 2*y 
= d*e 
where d is the distance between the accelerometers. 
Applying this to the measurements taken from the photographs, 
and normalising, the measured mode shape information is as follows. 
Arnpli tudes, 
Photo, 1 2 
~, 1,0000 1.0000 
~, 49,33 54,76 
..,~ 0,6378 0,9076 
&~ 5,819 7,872 
'11 
93 
Phases angles in radians. 
'j' 0 0 Q, 3,165 3,413 
~. 3,664 4,361 
8. 2,344 2,950 
~S 
81 
The six photographs and 
a short space of time while the 
-115-
3 
1.0000 
45,65 
0,5590 
5.971 
0 
3,164 
4,312 
2,704 
the disc 
disc was 
4 
1.0000 
49,04 
0,1903 
1.030 
0 
3,374 
0,825 
-0.591 
5 
1,0000 
46,41 
0,1832 
1,318 
0 
3,148 
0,300 
-1,400 
6 
1,0000 
72,71 
0,2749 
1,694 
0 
3,123 
0,424 
-1,246 
mode were all measured within 
squealing. Although the 
squeal was not continuous, it occurred regularly each disc revolution 
and the experimental conditions remained unchanged as far as was known 
for the duration of the five minute period required to make the 
measurements, The most likely parameter to have altered was the pad 
temperature even though a fan was being used to remove the heat 
generated by the brake, and this parameter would have been expected 
to have altered in a fairly linear fashion with time, In fact, the 
measured mode shapes are not dissimilar to one another and indicate 
the amount of the mode shape variation which can occur over a short 
period of time. 
As a check that no significant pad bending was taking place 
at squeal frequency, and since the first pad mode occurred at above 
4 kHz whilst squeal occurred at 2,6 kHz bending of the pad was not to 
be expected, an accelerometer was screwed to the centre of the pad 
and its output compared with the sum of the other two accelerometers 
which were fixed at the ends of the pad, The centre accelerometer 
output was equal to one half of the sum of the other two and confirmed 
that the pad bending mode was not excited to any significant extent. 
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8 CORRELATION OF THE RESULTS 
8.1 Qualitative correlation with past experimental facts and 
experience. 
In Section 1.2 is listed a set of experimental facts which 
a new theory is required to explain. In this section a discussion 
of how the proposed theory fits these facts, and a variety of other 
observed facts, is presented. 
1.> The disc vibrates with an even number of radial modes, the 
spacing of which is widest at the position of the pads and approxi-
mately equal over the rest of the disc. 
The theoretical results of Section 6 which are derived from 
Section 2 shows how addition of mass alters the nodal spacing round 
the disc. The effect of added mass is to reduce the disc mobility, 
but the effect of a squeal instability may, in fact, be to increase 
the mobility of the disc in the pad region. If this is so, then the 
disc density is effectively reduced in the pad region and may drop 
to zero or even become negative. Figure 8.1.1 shows such a condition 
on a disc and demonstrates the even number of nodes with wide spacing 
in the pad region. 
2.' The pads are positioned approximately on an antinode and vibrate 
with the disc. 
Figure 8.1.1 illustrates that the pads are located at a Cosine 
mode antinode. If the main disc mode is a Sine mode, such as 
occurred in the correlation measurements in this work, then the pads 
will be situated at a node. 
3.' An increase in disc temperature causes a decrease in squeal 
frequency. 
It has been shown in Reference 10 that a reduction in squeal 
frequency is to be expected due to the changes which occur in a 
number of disc parameters as the temperature of the disc increases. 
'" 
,... 
~ 
.~ 
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• 
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• 
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~ 
01 
" • 
MODESHAPE 2 
RO 0.230.-02 
A e>.237 .. -02 
B 1.088.-01 
AWPHA--1.500.+00 
BETA 1.500.+00 
Y1 0.000.+00 
Y2 8.040.+01 
D 1.304.+04 
H 1. 109,.-02 
NU 2.600,.-01 
N.JMBER CF" TERMS - 6 W _ (R-RO) r 1.040 
COS MOD:: 
FREQ!.JE:NCY 
- 2330.6 HZ I 
A 1 6.660.-01 ... 
... 
A 2 6.732.-01 ...;J I 
A 3 -3. 185.-01 
A 4 "2.953 .. -02 
A 0 1. 234.-02 
A 6 -8.720.-04 
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4. Squeal is independent of disc speed. 
This is to be expected as the parameter, disc speed, does not 
occur in the equations. 
5. Squeal is most likely after high temperature and high 
pressure running. 
The effect of high temperature, high pressure running is to 
produce a wear pattern on the pads consistent with these conditions. 
When the pads cool, in the experimental work reported here, they 
assumed a convex shape and thus their stiffness characteristic became 
more non-linear. 
This meant that, after cooling, if the brake line pressure 
was increased from zero up to a high value, the pad stiffness increased 
from some low value up to the maximum pad stiffness. The theory presented 
here indicates that, at least for the caliper used here and probably 
for any pad and caliper system, there will be values of pad stiffness, 
lower than the maximum stiffness, for which an instability will occur. 
Thus, the requirement for squeal to occur is that there is sufficient 
non-linearity in the pad stiffness for the stiffness at which instability 
occurs to be obtained by selecting an appropriate fluid pressure. 
6.. The thickness of the pads has no effect on the squeal frequency 
or likelihood of squeal. 
Since the occurrence of squeal depends upon the effective pad 
stiffness taking a value lower than the maximum stiffness it can have, 
pad thickness has no effect on the ability of the pad to produce the 
required stiffness for squeal; the only requirement is that the 
characteristic is sufficiently non-linear. 
Pad mass will have some effect on the dynamics of the system, 
but it appears that the squeal frequency is a function of the disc 
properties, since alterations to the system masses and inertias does 
not alter the frequency of instability a great deal. The reason why 
the frequency of instability is tied to the disc, which is not the 
most massive component of the system in the theory used, is not clear. 
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The theory also explains why squeal is considered to be fugitive. 
The conditions under which the roots of the characteristic equation go 
unstable are very limited, particularly if the system is well damped. 
Not only do the systeo stiffnesses have to have certain values, but 
the effective length of the pads must have the correct value as well 
in order that the rotational and lateral modes interact in the appropriate 
fashion. Due to a constantly changing wear pattern, the relationship 
between effective pad length and pad stiffness may change from stop 
to stop and apparently identical experimental conditions may well be 
dynamically different to an extent which gives squeal in one case and 
not in the other. 
It has been found in the past that addition of damping in the 
region of the pads, in the form of the anti-squeal shim, has been bene-
ficial in the reduction of squeal propensity. It has also been shown that 
increased damping in the disc by constructing the disc from more highly 
damped materials than the normal Grade 14 Cast Iron has reduced the 
likelihood of squeal. It has further been considered that squeal 
propensity is directly proportional to the internal damping of the pad 
material, although the measurement of the damping has not been in the 
compression mode. The theory developed here supports all of these 
observations and indicates that wherever damping is put into the system, 
the effect of its presence is to shift the roots of the characteristic 
equation towards the more negative side of the imaginary axis, thus 
making an instability less likely. The effects of damping on stability 
are discussed in Section 12.7 and it would appear that, if additional 
damping is always to be stabilising, then the damping must be 
balanced, that is, in proportion to the inertia term of the equation. 
The theories of Jarvis and Soar suggest that the occurrence of an 
instability is dependent upon the ratio of the damping in the two 
components of their system, thus implying that additional damping could, 
under some circumstances, increase the probability of instability; in 
these cases, additional damping probably causes the damping matrix to 
become significantly unbalanced. 
The set of equations describing the system is non-linear and 
one of the effects in a non-linear set of equations, which could be 
due to the nonlinear stiffness or due to the presence of product terms 
in the equations, is that under some circumstances an initial finite 
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amplitude is required before instability can occur. This was observed 
on the rig as, when the disc was marginally stable, a tap with a mallet 
on the disc was sufficient to initiate squeal. 
A further observation on the rig was that squeal tended to 
occur only during part of the disc rotation. The disc was not of 
uniform thickness and the brake line pressure thus varied as the disc 
rotated, the variation being about 2 psi. The squeal generally commenced 
when the pressure increased and died away when the pressure fell again. 
This could be because a slight increase in pressure is enough to 
produce the right conditions for instability, and squeal certainly 
occurs over a limited band of pressure, but the band was usually about 
20 psi wide and a 2 psi increase in pressure is not in itself significant. 
A more probable reason is that the contact conditions, governing the 
effective pad length, change sufficiently to allow squeal. The run out 
on the disc alone was approximately 0.03 mm occurring over about 30 
degrees of disc rotation, and this would be sufficient to alter the 
contact conditions. 
The wide range of squeal frequencies which occur in practice 
can be explained by the additional disc modes which can be inserted 
in the equations and by the range of conditions which allow a variety 
of roots to have equal imaginary parts. For each disc mode there are 
likely to be a number of sets of parameter values to give an instability 
and there are probably eight or ten disc modes which can be excited 
to squeal in the audible range. It is also likely that some of these 
can be excited simultaneously to provide the range of noises which 
are found in a practical brake system. 
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8.2 Correlation of the theoretical predictions with the experimental 
measurements 
In Section 7.1 is listed the numerical values of the brake 
system parameters as required by the program which evaluates the 
natural frequencies and mode shapes of the system. 
The values of some of the parameters are not precisely known 
due to the non-linear and distributed nature of the system. Thus, 
whilst masses, moments of inertia and dimensions are generally well 
defined, and the values assigned or measured for the damping are not 
critical, the values for some system stiffnesses are only known within 
certain ranges defined by the maximum and minimum stiffness measured. 
Other stiffnesses, such as the caliper stiffness, can be measured 
statically, but, since the mass and stiffness of the caliper is 
distributed, the lumped value required by the mathematical model may 
well vary with frequency and the stiffness at squeal frequency would 
then be different from the measured value. Included in the unknown 
parameters are the effective pad lengths, Ll, 12, which govern the 
rotary stiffnesses between the pads and the disc, and between the pads 
and the caliper or the actuating piston. 
In addition to these unknowns, the value for the effective disc 
mass is an estimate, albeit a soundly based one, and it is only an 
assumption that the disc inertia is related to the mass in the way 
derived in Section 12.5. A further point which will affect the degree 
of correlation is that, in the region of instability, the mode shape 
is relatively fast changing. This is predicted in the theory and the 
calculations show that, from entering the region of instability to leaving 
it, there will be large changes in amplitude and phase. This is borne 
out in the practical measurements so that, where one would expect a steady 
mode shape at the limit cycle point, where the roots leave the area of 
instability, in fact the mode shape alters appreCiably with time and 
truly consistent measurements are not possible; this indicates that the 
mode shape, at the limit cycle point, is rapidly altering. 
To illustrate the difficulties inherent in attempting to 
obtain the optimum correlation between the predictions from the theory 
used to describe the brake system and the measurements from the actual 
-122-
system, a brief calculation can be made to estimate the time required 
to investigate the range of unknowns. The unknowns include both of the 
pad stiffnesses, RPl, KPZ, both of the fluid and caliper stiffnesses, 
KFl, KF2, and both the effective pad lengths, Ll, 12; in the mathematical 
model, it would have been simple to include different effective pad 
lengths for each side of the pad, and this would then have made four 
pad lengths in all rather than two. Effective disc mass and inertia 
are also not known precisely and the stiffness of the pad pivot points 
to earth or the caliper as appropriate are only estimates; damping and 
stiffness of the caliper to earth could also be included as unknowns, 
which might affect the degree of correlation. 
Thus there are at least fourteen unknown parameter values 
which could affect the correlation and which have to be estimated as 
accurately as possible. If each of these parameters is swept through 
only ten values, this gives the number of cases to be calculated as 
ro14. Each case takes two minutes of processor time, apart from the 
time taken to set up axes and" list input parameters, and this clearly 
makes impossible the idea of calculating all possible combinations of 
input parameters. 
In fact, the time taken in achieving the degree of correlation 
presented here, and this includes altering the equations to include pad 
pivot terms to improve the mode shape correlation, Was approximately 
350 hours of processor time. It is apparent that it is unlikely that 
optimum correlation for a particular set of equations will be achieved 
in such a short time, but since the full time required is not available, 
it is sensible to continue only until a reasonably satisfactory degree 
of correlation is reached. It is considered that such a point has been 
reached here. 
In all the Figures presented here showing how the roots vary, 
the following plotting convention is observed. The imaginary axis has 
a maximum value of 25,000 radians/second and the real axis maximum 
values are as marked. On the right hand side of the graph is listed 
the parameter values used in 5.1. units. The parameters varied have 
extra values inset in the list and the value against the parameter is 
then the initial value used, with the increment and the final value 
being listed inset. The first root in the parameter sweep, where the 
initial values are used, is marked by a vertical cross, + , and 
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subsequent roots are marked by squares plotted with the diagonal 
vertical, ~. The appropriate measured squoal frequency is given by a 
horizontal line cutting the imaginary axis at the correct frequency. 
It must be remembered that the unstable roots, which give rise 
to squeal, are roots which have a positive real part and thus lie on 
the right hand side of the imaginary axis. The magnitude of the 
positive real part only controls the rate of increase of amplitude; 
the final amplitude is controlled by the shape of the non-linear 
stiffness in that region. 
Figures 3.2.1, 3.2.2 and 8.2.3 show the effect of varying 
KFl,KF2 for three different values of KP1,1G?2. Figures 8.2.4, 8.2.5 
and 8.2.6 show the areas of instability in more detail and allow 
approximate limit cycle frequencies and mode shapes to be obtained 
from the point where the roots cross the imaginary axis for the second 
time. It is evident that the actual limit cycle frequency is controlled 
by the 1:\vo stiffnesses KP and KF, but that the degree of instability, as 
determined by the magnitude of the real part of the root, is dependent 
upon some other factor. 
The mode shapes are compared below. 
Figure 8.2.4 8.2.5 8.2.6 Mean 
Measured 
Frequency 
2349 Hz 2672 Hz 2957 Hz 2622 Hz 
Amplitude 
'1 1.00 1.00 1.00 1.00 9, 90.35 129.18 162.41 52.98 
'I" 0.94 0.93 0.93 0.70 
&\ 15.39 19.93 23.10 6.55 
~l 0.30 0.32 0.33 0.22 
&, 0.87 1.27 1.63 1.34 
~. 1.50 1.59 1.66 
1)0 2.29 3.07 3.79 
.. ~ 
IMAGINARY 12 25 
'" 
,... 
~ • AXIS • MO 1. S14 .. +<lO • Q • MO 1.713.-01 
• 
CO • 1"1"1 1.841,.--01 • l"" .. o2 1 . .945,.-01 , • N • • • 10 G.450,.--o3 , 
.... • 2.~ .. 4 10 1.854 .. -03 
• IP1 1.218 .. -04 
• 
IP2 1.220,.-04 
'" '" • 
KOL 0.000 .. +00 
.... .... t<CR 0.000 .. +00 III 0 • ::I .... COL 0.000 .. +00 
CD • CCR 0.000 .. +00 0 • KDL 8. 78G,.+06: ,..., ,..., • • 0 KCR 1.002,.+06 
"I "I • • 0 • COL :3.139,.+00 ~ 0 • • =R 3.582,.-02 .... • KP1 4.000,.+07 
"I .... 
.... El •• KP2 4.000 .. +07 III 0 ," cP1 G.OG4,.+OO ,. < 
.... 
" ': 
CP2 G. OG4,. +00 
0 El KF'1 2.200,.+07 I 
::I Q • • t:; ::I. • • 8.000,.+OG: 0 et • .8.400 .. 0f.07 .,. 
... • • KF'2 2.200 .. +07 I .... 
i;j ::I '. 8.000 ... +03 
.... et ".400.+07 
-
::r • CF'1 2.000.+00 CD CF'2 2.000 .. +00 ~ 0 Dl 7.600 .. -03 0 D2 1.760.-02 , 
.§ MU 4.000 .. -01 
.... NO 1.000 .. +03-
CD H 6.545 .. -09 >: l..l 2 • .800 .. -02 
1 
l..2 3.500,.-02 
KPE: 1. 000 .. +OB 
Kf'0 1.000,.+OG 
-200 0 200 
Re::AL AXIS 
• IMAGINARY 25 • l2 
• 
"'J • 
..... • • 
"J • AXIS Z MC 1.914.+00 
'1 • (I) MD 1.713 .. -01 
00 MP1 1. S41 ... -o1 
• MP2 1.845 .. -01 to • lC S.450,.-o3 
• 
·to • 2.:5 .. 4 10 1. DS4 .. -03 
• IPl 1. 218,.-04 
• IF'2. 1.220 .. -04 
'tI 'tI • t<CL O.OOO .. -KlD 
.... .... KCR O.OOO •• i-OO 1.> 0 • 
::I ... 
• 
CeL O. 000,. +·1.)0 
Q) • CCR C.OCO,.+OO 0 • • 2'.72=0 .. +09' 
.... .... • 
KQL 
0 • • KOR 1.002,.+05 
'1 '1 
• C'-OL 3.13.0,.+00 0 • ~ 0 .. COR 3.582 ... -02 ... .- ~(Pl 5.000 .. +07 
'1 # 
.... 15 • • KP2 0.000.+07 1.> 
• t CPl 
-
7.5BO .. +OO 
... < --- • • 
.... (I) 
· ' . 
CP2 7.580,.+00 
0 a • KF'l 2.200.+07 I ::f (I) •• 8.000",+OG t:; 
0 ::l. .. ".400 .. +07 tn 
.... •• KF'2 2.200,.+07 I 
..... 
F;j ::f • 8.000 .. +OG 
".400.+07 
.... ... 
• CF'1 
-
2.000 .. +00 
-
:T (I) CF'2 2.000 .. +00 
~ () 01 7.500.-03 0 02 1.750 .. -02 
• 
.§ , MU 4.000 .. -01 
.... NO 1.000 .. +03 
Q) H 5.545,.-03 
>< Ll 2.S00 .. -o2 
L2 3.500 .. -02 
KPe: 1.000,.+OG 
KPC 1.000 .. +0<3 
-200 o 200 
REAL AXIS 
• 
• • • 
• I 
;2 
IMAGINARY 12 25 
aa AXIS_ 
'"l MC 1.914.<-00 (l) MO 1.713 •• -01 
CO MPl 1. .841 .. -01 
• • MP2 1. :945 .. -01 N • lC S.450,.-o3 
• 
t.) • 2.15 .. 4 10 L 864,.-03 
• IPl 1. 218.-04 
• IP2 1.220 .. -04 
't:l 
'" 
• Ka... 0.000.+00 
.... .... 
P> 0 • KCR 0.000 .• <-00 
::< .. • eeL 0.000,.+00 (l) • • 
0 • • 
CCR 0.000,.+00 
..., ..., 
• KO'- 8.78G •• +-OG: 0 • • KOR 1.002,.+05 
'"l '"l 
• COL 3. 139,.+00 
~ 8 · : COR 3. (582.,.-02 ... • .. 
'"l • • • 
Kf"l G.000,.+07 
.... a • • KP2 G.000,.+07 P> 0 • • CPl S.03G ... +OO ... < •• 
.... CD • • CP2 .e.o,sG .. +OO 0 a • t<F'1 2.200 .. +07 I ::< CD •• a.ooo .. -I-OG t:; ::< • 0 ... 
• 
s.400 .. ...a7 Cl 
..., I 
.... K,2 2.200 .. <-07 
i;j ::< • 8.000 .. +08 
... ... 
5.400 .. +07 
~ ::r • CF'1 2.000,.+00 CD CF'2 2.000.<-00 ~ 8 01 7.500 .. -03 02 1.750 .. -02 
• 
.g MU 4.000 .. -01 
.... NO 1.000 .. +03 (l) H 5.545 .. -03 
>< 1..1 2.900.-02 
l..2 3.500 .. -02 
!-<Pe: 1.000 .. +OG 
!-<PC 1.000.+0<3 
-eoo o 200 
RE:AL AX~S 
• 
.... 
::> 
<t 
:>' 
" 
-200 
• •• 
, 
• • 
• 
IMAGINARY 
AXIS 
2.15 .. 4 
I 
I 
• 
• 
o 
REAL AXIS 
• • 
• • •• 
12 25 
MC 
MD 
MPl 
MP2 
IC 
ID 
IPl 
IP2 
KC\... 
KCR 
CC\... 
CCR 
KOL 
KDR 
COL 
COR 
KP1 
KP2 
CPl 
cP2 
KFl 
0>1 
CF'2 
01 
02 
MU 
NO 
H 
Ll 
La 
KPE: 
KPC 
200 
1.314.+<l0 
1. 713~-ol 
1.341.-01 
1.345,.-01 
G.460,.-03 
1.854,.-03 
1.218,.-04 
1.220,.-04 
O. 000,. +<l0 
0.000 .. +00 
0, 000,. +<l0 
0.000.+<l0 
8.788 .. +013 
1. 002.+<l5 
3. 138 .. +00 
3. 582,.-02 
4.000.+07. 
4.000,.+07 
<3.0G4.+00 
G. 084,. +00 
4.000.+07 
1.000.+0<3 
5.100.+07 
4.000.+07 
1. OOO,.+OG 
!s. 100,.+07 
2.000,.+00 
2.000,.+00 
7. 500,.-()3 
la 750,.-02 
4.000.-01 
1. 000.+03 
6. 545 .. -Q.:? 
2 • .800,.-02 
3.500 .. -02 
1.000 .. +OG 
1.000.+0<3 
I 
t; 
"" I 
IMAGINARY 12 26 
"l , ". O'l AXIS c 
., MO 1.814.+00 (l) MO 1. 713 .. -01 
00 MPl 1 • .:941 .. -01 
• MP2 L a"l5 .. -o1 N 10 G.4t>O .• -oa • ci1 2.6 .. 4 10 1. S54 .. -oa 
IP1 1.218, .. -04 
I IP2 1.220 .. -04 '" '" KCL 0.000 .. -+.00 ~ ~ KCR 0.000 .. +00 ~ 0 .... CCL 0.000 .. +00 
" 
CCR O. oe)o " .. -00 0 
.." .." KOL 8.70G,.+0(3 0 KO/{ 1.002,. i-05 ., ., I 0 Cf.lL. 3. 13S .. -HJO < 0 COR 3.582 .. -02 10 .... KP1 6.000 .. +07 ., 
.... ~ KP2 5.000 ..... -07 10 
• • 
,. 
• • CPl 7.580 .• +00 .... < • • • 
.... (I) . : • • • • • •••• CP2 7.580,.+00 0 a .. , KF'I 6.400 .. +07 I ::t (I) t:; ::t l. 000 .. +00 0 <1' 
.' G.800 .. +07 
'" .." KF'2 5.400 .. +07 I .... 
~ ::t 1.OOO .. +OG 
~ .... 0.800 .. +07 
• :>' Cf'! 2.000,.+00 
" 
CF'2 2.000 .. +00 ~ 0 01 7.500 .. -03 0 02 1.750 ... -02 
• !3 MU 4.000 .. -01 '0 • ~ NO 1.000,.+03 (I) H 5.545 ... -03 X LI 2.S00 .. -02 
'L2 ::3.500 .. -02 
KPE: 1.000 .... -CG 
KPO 1.000 .. +08 
-200 o 200 
REAL A..'< I S 

-130-
Figure 8.2.4 8.2 .. 5 8.2.6 Mean 
Measured 
Phase 
'I' 0.00 0.00 0.00 0.00 
Il, 3.45 3.41 3.52 3.23 
~\. -0.02 -0.02 -0.03 4.11 
9\ 0.'12 0.10 0.15 2.67 
'1\ 3.14 3.14 3.14 0.51 
~ 0.30 0.26 0.37 -1.08 
~. 
-0.01 -0.01 -0.16 
&0 0.44 0.36 0.49 
The best correlation of the three cases selected for present-
ation here are Figures 8.2.4 and 8.2 .. 5. The frequencies are in the 
correct region, and by suitable selection of the values for KP and KF 
it would have been possible to obtain perfect agreement. The amplitude 
mode shapes are also in good general agreement with the measured mode 
shapes for the caliper and pads, but the disc mode shape gives poor 
agreement.' Using the values for ~. and ~D from Figure 8.2.5, the disc 
mode shape can be predicted using the theory of Section 2.2 and the 
program listed in Section 12.3. The mode shapes are shown in Figures 
8.2.7 to 8.2.9 for the three disc conditions of Section 6 and, in 
Figure 8.2.10, for the condition discussed in Section 8, that is, with 
a section of the disc having effectively zero mass and inertia. 
The mean measured mode shape of the disc, taken from Figures 
7.2.1 to 7.2.3, is superimposed on the computed mode shapes and it can 
clearly be seen that the Cosine component is far too large in the 
computed mode shapes, It is possible that the disc mode shape is 
affected significantly by the representation of the disc and the 
representation used in this model is not adequate to allow accurate 
prediction of the disc mode shape. 
The phase mode shape is in moderate agreement with the measured 
phases, the principal ~ and ~motions having the correct relative phase. 
In Figure 8.2.11, the measurements presented in Section 12.5 
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are used to provide a plot of the stiffness of Pad C against applied 
pressure before use in the rig and, finally, after an appreciable 
period of use in the squealing condition. In this Figure is marked 
the normal range of pressure that produced squeal on the rig, that is 
between 50 psi amd 70 psi, and also the range of pad stiffness which 
gave the best correlation, that is between 4,07 Nj\n and 5,07 Nj\n. It 
can be seen that the area defined by the theoretical correlation and 
observed brake line pressures is cut by the initial state of Pads C 
and is flanked on the other side by the final state of Pads C. This 
clearly shows that the pad stiffness required by the theoretical 
correlation was very close to the actual pad stiffness during squeal 
on the rig. 
The region of instability can be plotted from the data of 
Figures &.2.4, 8.2.5 and 8.2.6 together with a number of other cases 
not presented here in detail. In Figure 8.2.12, extreme values of 
KFl and KF2, for which the roots are unstable, are plotted against the 
corresponding values of KPl and KP2 while all other parameters are 
kept constant. 
It appears from Figure 8.2.12 that this particular instability 
vanishes at low pad stiffness and at low caliper stiffness, but it 
must be remembered that this is only the instability due to one pair 
of roots at one disc mode. Assuming that at least six disc modes can 
give rise to squeal and that for each disc mode there are at least four 
pairs of roots which can potentially give rise to instability, then this 
very conservative estimate gives at least 23 other regions of instability 
which could be plotted on this graph. There is obviously considerable 
labour involved in the necessary calculations and no attempt has been 
made to locate and plot these other regions. 
From the evidence presented so far, a very reasonable· degree 
of correlation has emerged between the system vibrational behaviour 
predicted by the theory and the measured behaviour on the rig. The 
agreement between natural frequencies is good; the agreement of the 
pad and caliper mode shape amplitudes is good; the agreement in the 
working portion of the pad stiffness curve is good. Agreement in mode 
shape phase relationships is less good and the agreement between the 
disc mode shapes is poor. 
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The second stage in the correlation process is, ideally, to 
alter one of the system parameter values and measure the change in 
system dynamics resulting fron this change and show that agreement 
with the theory is satisfactory. 
The most straightforward parameter modification is a reduction 
in EFl, KF2 by means of reducing the caliper pressing stiffness. The 
other contribution to EFl, KF2 from the fluid stiffness should be 
unaltered as a result of weakening the caliper, but fluid stiffness 
is almost certainly a function of frequency and will reduce with 
reducing frequency until, at zero frequency, the values of EFl and 
KF2 will include the static stiffnesses of the pipework, the pressure 
gauge and the operating cylinders. At very high frequency, the values 
of KFl and KF2 will approach that shown in Figure 12.5.15, which is 
the caliper pressing stiffness and excludes any contribution from the 
fluid, slave cylinder, master cylinder, pipework and gauge. 
The caliper pressing was modified as shown in Figure 8.2.13 in 
order to reduce its stiffness, whilst making as little difference as 
possible to its mass or moment of inertia. The measured pressing stiff-
ness is as shown in Figure 8.2 .. 14 and represents a reduction of 26% in 
linear stiffness, compared with the original value. 
Initially, the system refused to squeal, but after a certain 
amount of high temperature running and being allowed to cool, squeal 
reappeared. The squeal then occurred at a slightly lower brake line 
pressure than previously and the new frequency was 1520 Hz. The squeal 
waS less loud than before and was accompanied by a component at about 
16 klfu which made observation on an oscilloscope impossible. Tb obtain 
the squeal frequency, the noise was recorded and the peaks were located 
by means of B & K third octave analysis equipment and then measured more 
accurately using a narrow bandwidth filter. Although the accelerometer 
outputs had such high frequency components that observation of the 
squeal frequency was impossible, the Vlayne Kerr vibration meter, which 
detects amplitude rather than acceleration, allowed measurement of the 
disc mode shape. This is shown in Figure 8.2.15 and shows that the 
disc is now vibrating in mode order 2. 
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Figure 8.2.13 Modification to the caliper pressing. 
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The parameter values appropriate to disc mode 2 were inserted 
in the system equations and the new instabilities searched for in the 
region where KFl, KF2 were reduced by at least 26% and KP1, KP2, Ll, 
L2 were lower than for the previous correlation. Figure 8.2.16 indi-
cates that squeal at 1517 Hz requires that I{F'l, KF2 must take the value 
2.&07 Njm and that KP1, KP2 must take the values 1.18,07 and 1.21107 Njm 
respectively. Bearing in mind the reduction in frequency and the 
effect that this will have on the contribution of fluid stiffness to 
KF1, KF2, this seems a reasonable correlation. 
Using the theory, the effect of other parameter changes can 
be explored in order to see if they are in accordance with observed 
facts. 
Figures 8.2.17 to 8.2.20 show the effects of increased damping 
in the system. The unstable area of Figure 8.2.2 is taken as the datum 
case and the four components of damping are increased by a factor of 
approximately two to indicate how the roots are affected. Figure 
8.2.17 shmvs an increase in the pad damping; Figure 8.2.18 shows an 
increase in fluid damping; Figure 8.2.19 shows an increase in caliper 
damping; Figure 3.2.20 shows an increase in disc lateral and rotary 
damping. 
In each case the degree of divergence of the roots in the 
region of an instability is not affected, but the roots appropriate to 
the mode shape dissipating energy from the increased source of damping 
are moved to a position of increased negative real part. 
Figure 3.2.21 shows the effect on the roots of altering the 
coefficient of friction. The most unstable parameter values from 
Figure 8.2.2 are used and the coefficient of friction, MU, is 
incremented from zero up to a value of 0.5.> This shows clearly that 
the degree of instability is directly dependent upon the value of MU. 
Figure 8.2.22 shows the effect of changing the force, NO, 
pressing the pads onto the disc. The same initial values were selected 
as for Figure 8.2.21 and it can be seen from Figure 8.2.22 that the 
roots aro practically independent of the value of NO. This means that 
the important coupling terms in the equations are those that arise from 
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1.000 .. ;-0'" 
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REAL. AXIS 
, IMAGINARY 12 25 
"J 
.... • 
CJ AXIS 
'1 MO 1.914 .. +00 (I) MC 1.713.-01 
CO MPl 1.941.-01 
• MP2 1.945,.-01 to:: IO 6.450.-03 
• ~. 2.. 0.4 IO 1.954,.-03 IPl 1.218,.-04 
IP2 1. 220,.-04 
." 
'" 
• 
KOt.. 0.000,.+00 
I-' ... KCR 0.000,.+00 
" 
0 COt.. 0.000.+00 
::> ... CCR 0.000,.+00 (I) 
0 KOt.. 8.786,.+06 ,.., ,.., KOR 1. 002,.+00 0 
'1 '1 • 
COL. 3. 139,.+00 
0 COR 3. e582,.-02 
.... 0 KPl t5. 000 le +07, 
.::0 ... 
" 
KP2 0.000,.+07 
'1 5 CPl 7.580,.+00 (I) 
" ~ • • CP2 7.580,.+00 
" 
KF"l 6.000,.+07 I 
.... a ... 
::> (1) KF2 6.000,.+07 
"" oq ::l. C:=-l 2.000,.+00 '" OF2 2.000,.+00 I a -. ..,- 01 7.000.-03 
• ::0 02 1. 750,.-02 
... MU 4.000,.-01 
::r NO 0.000,.+00 (I) 2.000.+02 
8 1. 400,.+03 
.a • H t5.541:5.-03 t..l 2.900.-02 
I-' t..2 3 .. !500 .• -02 (1) 
>< KPE: 1.000,.+06 KPO 1.000.+08 
0.000.+00 
1.000.+08 
-200 o 200 
REAL AXIS 
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inertia terms and that the terms containing NO are not significant. 
In the table below is listed the mode shapes of Figure 8,2,5 
on entry to the unstable region and on exit from the unstable region. 
This indicates the change in mode shape that occurs during the traverse 
of the unstable region, 
Frequency Hz 2531 2672 2531 2672 
Amplitude Phase 
Entry Exit Entry Exit 
-., 1,00 1,00 0,00 0,00 
8. 104,23 129,18 -0,57 3,41 
'1\ 1,04 0,93 -0,03 -0,02 
&, 4.76 19,93 0,95 0,10 
'11 0,31 0,32 -3,15 3,14 
&\ 0,86 1,27 -3,76 0.26 
If· 1,55 1,59 -0,20 -0.01 &. 4,39 3,07 -3,61 0,36 
That the mode shape can change more rapidly is demonstrated in 
Figure 8,2,23 which shows a region of instability for variation of KP1, 
KP2 rather than KF1, KF2,' The region of instability is very much more 
narrow than in previous figures and the mode shapes for three of the 
unstable points are given below. 
Frequency Hz 2567 2589 2610 
Amplitude 
1,00 1,00 1,00 
115,99 115,77 113,67 
0,93 0,99 1,04 
17,67 12.91 4,64 
0,31 0,31 0,31 
1,12 l,Q6 0,95 
1,56 1,57 1,58 
3,00 3,94 4,67 
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Frequency I1z 2567 2589 2610 
Phase 
'1, 0.00 0.00 0.00 
&, 3.72 -1.61 -0.53 
"1\ -0.04 -0.06 -0.03 
9" 0.22 0.62 0.96 
'1\ 3.13 -3.15 -3.15 
9\ 0.56 1.48 -3.70 
~o -0.02 -0.04 -0.02 
&0 0.76 1.78 -3.57 
'" \ 
IMAGINARY 12 21:5 
.... 
~ AXIS 
... MC 
-
1.914 .. +00 
(l) MO 1.713.-01 
0> MPl 1.841,,-01 
• MP2 1.840.-01 t<l 
• 
IC 6.400,,-03 
t<l 2.0.4 ID 1. 9~4,.-O3 
'" 
'IPl 1.2HJ.-04 
IP2 1.220 .. -04 
'" 
." I KCL 0.000 .. +00 ... ... KCR 0.000 .. +00 
'" 
0 CCL 0.000 .. +00 
;:1 
'" (l) CCR 0.000 .. +00 
0 KOL - B.786 .• +0G 
..., ..., KOR 1. 002 .. +00 0 
... ... 
, COL 3. 130 .. +00 
0 COR 3.002 .. -02 < 0 
'" '" 
KPl 4.400 .. +07 
... 1. 000 .. +06 
.... El 
'" 
0 .~ 
.' • ~ • '. .. . 0. 000 .. +07 ' et < . , • KP2 
-
4.400 .. +07 
.... (l) 1. 000 .. +06 I 0 El ... 
;:1 (l) 5.500.+07 R3 ;:1 CPl 7.000 .. +00 0 
'" 
I 
..., CP2 7.000 .. +00 
.... 
, KF"l 6.000 .. +07 ~ ;:1 KF"2 6.000 .. +07 
." 
... et cn 2.000 .. +00 
~ ::T CF"2 2.000 .. +00 (l) 
-
01 7.000.-03 ~ Cl D2 1.700 .. -02 0 
• El • MU 4.000 .. -01 
'" 
NO 1. 000 .. +03 
... H 0.040 .. -03 (l) 
X L1 2.900 .. -02 
L2 3.000 .. -02 
KPE: 1.000 .. +08 
KPC 1.000 .. +06 
-200 o 200 
REAL AXIS 
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9 DISCUSSION 
9.1 General discussion and conclusions 
The Sections 2,3 and 4 of this work have proposed a basis of 
theory which explains the mechanism of brake squeal. Soctions 5,6 and 
7 describe a rig and a programme of experimental work designed to show 
that the theory which had been developed could be applied to an actual 
brake system and predict the frequency and mode shape of squeal. 
Section 8 compares the results of the theory with the measure-
ments taken from the rig and concludes that, taking into account the 
difficulties of representing a system with distributed mass and stiffness 
by a system with lumped parameters, the correlation was adequate. 
The approach taken from the initial examination of the problem 
of brake squeal has been to represent the brake system as realistically 
as possible in mathematical terms, whilst retaining mathematics which 
did not become too complex or too unwieldy. The representation of pad 
restraints was difficult and could probably be represented in other 
ways by making different but still reasonable assumptions. In 
fact the original assumptions used in developing the theory proved to be 
too simple and additional terms had to be inserted in the equations to 
improve correlation. The fundamental coupling terms are the coupling 
terms in the two disc equations. In simple terms, a sideways movement 
of the disc creates a couple on the disc and a rotation of the disc 
creates a sideways force, although, in reality, it is the normal 
coordinates which are involved in this coupling, rather than the y 
and theta coordinates which are used to produce the equations of motion. 
Motion of these two normal coordinates can then occur with a suitable 
phase difference to feed energy into the system. 
The conditions under which a root can have a positive real 
part are interesting. Initially it appeared that whenever two roots 
had equal imaginary parts or nearly equal imaginary parts the real 
parts of the roots diverged, one moving towards the positive side of 
the imaginary axis and one becoming more negative. On further attempts 
to locate instabilities, it appeared that this was a necessary condition 
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but not sufficient since occasionally there appeared to be no divergence 
of the real parts of the roots. Since the degree of divergence depends 
upon the magnitude of the coupling terms and also the mode shape which 
permits energy to be fed into the system due to phase angles between 
the components, it may be that there are conditions when no energy is 
fed into the system or it may be that only certain modes having the 
same magnitude of their imaginary component will diverge in the required 
fashion. 
This situation is mathematically similar to aircraft flutter 
theory where equations are written describing the degrees of freedom 
of the aircraft, together with a number of coupling terms which largely 
consist of aerodynamic terms, the equivalent in the squeal case being 
the friction forces which couple the two disc modes. In the flutter 
situation, as in the squeal case, the instability arises when two modes 
have the same frequency. A more detailed discussion is presented in 
Section 12.7. 
The conclusions arising from this research are as follows. 
1. A mathematical description of the vibration characteristics 
of a non-uniform annular disc has been derived and shown to 
correlate with measured behaviour. 
2. A mathematical description of the vibration characteristics 
of a brake system consisting of a disc, a ca1iper and a pair of 
pads has been proposed employing eight degrees of freedom. Taking 
account of non-linear characteristics of the pad stiffnesses, mode 
shapes have been predicted for the system. 
3. A reasonable correlation between predictions of the theory 
and the measurements of the vibrational behaviour of a brake 
system on a laboratory rig has been demonstrated. 
4. The theory will provide a sound basis for proposing methods 
for alleviating or eliminating brake squeal. In conjunction 
with such predictions, the rig will allow these proposals to be 
assessed and will provide additional verification of the theory 
or will show if any amendments are necessary. The most likely 
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area for amendments will be in the assumptions governing the 
choice of parameter magnitudes. 
9.2 Future research required 
The main function of this research has been to formulate a 
mathematical model of brake squeal and demonstrate that it described 
the measured behaviour of a brake system on a laboratory rig. This 
has been accomplished and the theory can now be used as a basis for 
developing a means of eliminating squeal. 
The further work required is thus the logical conclusion to 
all this work, but is in many respects a project of an open ended nature. 
It is necessary to eliminate squeal from a braking system, preferably in 
the design stage, but any proposal put forward has to be an engineering 
solution. For example, it is easy to say from the theory that it is only 
necessary to design a linear brake system and the probability of designing 
a system which squealed is very remote. If it did squeal, then it would 
squeal consistently and a small design modification would banish squeal 
for ever. 
The most straightforward areas for modification are the methods 
of pad restraint, which looks a promising area for examination, and the 
disc construction, which could allow the effective disc mass and stiffness 
to alter continuously as the disc rotated. There are, of course, other 
points which could be examined and means of preventing equation roots 
from having the same imaginary part by means of controlling effective 
pad length will be among them. 
This research suggests that brake squeal can be controlled and 
provides the pOinters for finding the means. A programme of practical 
work based on this theory gives hope that the solution will be found. 
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12 APPENDIX 
12.1 The general vibration of. a non-uniform disc. 
As discussed in the early part of Section 2.1, Reference 14 
shows that, for any mode order n, the general vibration of a disc 
is given by 
12 .1.1 
These are two independent modes and 
can exist independently from 
In the case of a non-uniform disc, the circumferential mode 
shape, as used in the Ritz Rayleigh method, takes the form of an 
infinite series and the general vibration of the disc is then given 
by 
.. 
~ CA, ~I,I.." Q + t;, Cn .. 9 ) Su..~t. 12.1.2 
If the diameter of the disc through 8 = 0 is a line of 
symmetry of the non-uniform disc, and this is certainly possible if 
the non-uniformity is caused by a change in disc density bounded by 
8- = ~ 01. ,this implies that there can be two forms of allowable 
circumferential mode shape for the disc by reason of the symmetry 
that exists. 
The first allowable mode shape takes the form 
... I ~ . _0( 
and this is an even function. 
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The second allowable mode shape takes the form 
• 
.... 1& •.• 
and this is an odd function. 
If the mode shape is an even function, all the coefficients 
of the Sine terms in w must be zero and the circumferential mode 
of the non-uniform disc takes the form 
• 
12.1.3 
If the mode shape is an odd function, all the coefficients of 
the Cosine terms in ~ must be zero and the circumferential mode of 
the non-uniform disc takes the form 
12.1.4 
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12.2 Listing of the program to evaluate the natural frequencies and 
mode shapes of a brake disc 
l>klDE SHAPES OF A NON UNIFORM DISC BY THE RITZ RAYLEIGH METHOD 
JANUARY 1971 12 01: 
"BEGIN' "REAL" A,B,D,K,PI,L,M,N, Y1, Y2,PP,F ,G,H,NU,k,E, W,ACC,RO: 
"INTEGER" R, T1, '1'2, I,J ,G1,G2,G3,Z,Zl,PHASE: 
"COMMENI" INSERT PROCEDURES SYMMETRIC QR2, EIGENSOLVE 
AND SIMPS HERE; 
"READ" A,B,F,G, Yl, Y2,D,H,NU: 
PI:=3.l4159: 
AGAIN:"PRINI" PUNCH(3),"L4 'FOR COS MODES PRINT O'L 'FOR SIN MODES 
PRINT l'L'FOR BOTH MODES PRINT 2 
"READ" READER(3) ,Z; 
, 
: 
"IF' Z=2 "THEN" "BEGIN' "PRINI" PUNCH(3),"L 'SIN MODE AS FRACT 
ION OF COS MODE = 
"READ" READER (3) ,E: 
"PRINI" PUNCH(3),"L 'PHASE BETWEEN 
MODES IN DEGREES 
"READ" READER (3) ,PHASE: 
tI END" ; 
"PRINI" PUNCH(3),"L 'w = (R-RO) t': 
"READ" READER(3) ,k; 
"PRINI" PUNCH(3), "L'RO = ': 
"READ" READER (3) ,RO: 
"PRINI" PUNCH(3),"L 'NUMBER OF TERMS 
"READ" READER(3) ,R: 
, 
= ; 
"PRINI" PUNCH(3), "L 'ACCURACY OF 
"READ" READER(3) ,ACC; 
... 
INTEGRATION = : 
"PRINI" PUNCH(3), "L'RANGE OF GRAPHS FROM MODE' 
"READ" READER(3) ,Gl: 
= 
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"IF' G1=0 "THEN" "OOTO" NEXT; 
"PRINI" PUNCH(3),'TO MODE'; 
"READ" READER(3) ,02; 
NEXT: K:= CHECKR(SIMPS (Wj2*(W-RO) t (k*Z) , W ,A,B,ACC»; 
L:=CHECKR(D*Plj2 *SIMPS (k*kj\V*(W-RO) t(Z*k-4) * (k*W-RO) tZ-2* (l-NU) * 
k*k*(k-1)*(W-RO>t (2*k-3) ,lY ,A,B,ACC»; 
M: =CHECKR(D*Plj2*s IMPS (-2*kj\V/IV* (W-RO) t (Z*k-Z) * (k*W-RO) +2* (l-NU) 
*kj\V*(k-1)*(W-RO)t(Z*k-2)t2*(1-NU)*(k*W-W+RO)tZ*(W-RO)t 
(Z*k-2)j\Vj\Vj\V, W,A,B,ACC»; 
N:=CHECKR(D*Plj2*SIMPS «lV-RO) t(Z*k) j\Vj\Vj\V, W,A,B,ACC»; 
"BEGIN" "REAL" "ARRAY'Q,M,BB,XO,X1[ l:R,l:R] ,C,FR[l:R,O: 1]; 
"IF' Z=O "OR" 2.=2 "THEN" 
"BEGIN" Zl:=O; 
tt END" ; 
"FOR" 1:=1" STEP" 1 "UNTIL" R "no" 
"FOR" J:=l It STEP" 1 "UNTIL" R "00" 
"BEGIN" Q[I,J]:= "IF' I=J "THEN" CHECKR«SIN(Z*I*G) 
-SIN(Z*I*F»/4/I+(G-F)j2) 
"END" ; 
"ELSE" CHECKR«J*COS(I*G) 
*SIN(J*G)-I*SIN(I*G)*COS(J*G)-J* 
COS(I*F)*SIN(J*F)+I*SIN(I*F)*COS 
(J*F»/(J*J-I*I»; 
BB[ I, J]:= "IF' I=J "THEN" CHECKR(K*(Q[ I, J] 
*(Y1-Y2)+Y2*PI» 
"ELSE" CHECKR(K*Q[ I, J] *(Y1 
-Y2» ; 
M[I,J]:= "IF' I=J "THEN" CHECKR(L+ItZ*M+I 
t4*N) "ELSE" 0,0; 
ElGENSOLVE(M,BB,XO,R,NONDEF); 
"FOR" 1:=1 "STEP" 1 "UNTIL" R "no" 
FR[I,O]:=AA[I,I]; 
"IF' Z=1 "OR" Z=2 "THEN" 
"BEGIN" Zl:=l; 
"FOR" 1:=1 "STEP" 1 "UNTIL" R "no" 
"FOR" J:=l "STEP" 1 "UNTIL" R "no" 
"BEGIN" Q[I,J]:= "IF' I=J "THEN" CHECKR(-(SIN(Z*I*G) 
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-SIN(2*I*F»/4/I+(G-F);2) 
"ELSE" CHECKR«J*COS(J*a)*SIN(I*a) 
-I*SIN(J*a)*COS(I*G)-J*COS(J*F)* 
SIN(I*F)+I*SIN(J*F)*COS(I*F»/ 
(J*J-I*I» ; 
BB[ I, J]:= "IF" I=J" THEN" CHECKR(K*(Q[ I, J] 
*(Y1-Y2)+Y2*PI» 
fiEND" ; 
".ENI1' ; 
"ELSE." CHECKR(K*Q[ I, J]*(Y1-Y2»; 
M[ I,J]:= "IF" I=J "THEN" CHECKR(L+1T2*M 
+It4*N) "ELSE." 0,0; 
EIGENSOLVE(M,BB,Xl,R,NONDEF); 
"FOR" 1:=1 "STEP" 1 "UNTIL" R "DO" 
FR[I,l]:=M[I,I]; 
"COMMENT' NOW SORT THE MODES INTO ORDER SO THAT C[ I,Zl] 
CONTAINS THE COORDINATES OF THE ITH MODE, 
COUNTING FROM THE LOWEST; 
"FORti 1:=1 "STEP" 1 "UNTIL" R "00" C[ 1,0] :=C[I,1] :=1; 
"FOR" J:= "IF" Z=O "THEN" 0 "ELSE" "IF" Z=l"THEN" 1 
"ELSE" 0,1 "00' 
"FOR" T1:=1 "STEP" 1 "UNTIL" R ttooll 
"FOR" 1:=1 "STEP" 1 "UNTIL" R-1 "DO" 
"IF" FR[ I, J] > FR[ 1+1, J] "THEN" 
"BEGIN" "REAL" DUM; 
11 END" ; 
DUM:=FR[ 1+1, J]; 
FR[I+l,J]:=FR[I,J]i 
FR[ I, J] :=DUM; 
DUM:=C[ l+l,J]; 
C[I+l,J]:=C[I,J]; 
C[ I, J] :=DUM; 
PUNCH(l) ; 
"PRINT" "I2'MODE SHAPES OF A NON UNIFORM DISC 12 01', 
"PRINT'SAMELlNE,SCALED(4),"I2'RO =',RO,"L'A = , 
A "L 'B , 
"'''''L'Yl 
"L'H 
... "... """" "" "" 
= ,B, L ALPHA= ,F, L BETA = ,a, 
'- " ... 
= ,Y1, L Y2 ... "... "" = ,12, L D = ,D, 
= ... ,H, "L 'NU "" " ... = ,NU, L ACCURACY OF 
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INTEGRATION =',ACC,"L'NUMBER OF TERMS =', 
DIGITS(2),R,"L'W = (R-RO)t',FREEPOINT(4),k; 
"n" z.:2 "THEN" "PRINT' SAMELlNE,FREEPOINT(4), "L'RATIO 
OF MODES =',E,"L'PHASE ANGLE =',DIGITS(3),PHASE, 
, DEGREES', , 
"lP' Z=O "OR" Z=2 "THEN" 
"FOR" 1:=1 "STEP" 1 "UNTIL" R "Dd' 
"BEGIN" "PRINT' "L4'COS MODE SHAPE' ,SAMELlNE,DIGITS (2), I, 
"L2'FREQUENCY =',FREEPOINT(5),SQRT(FR[I,O])/2/pI; 
"FOR" J:=l "STEP" 1 "UNTIL" R "DO" 
11 END" ; 
"PRINT' "L 'A' ,SAMELlNE,DIGITS(2) ,J, "S'='S",SC 
ALED(4),XO[J,C[I,O]]; 
"lP' 7.=1 "OR" 7.=2 "THEN" 
"FOR" I : =~ "STEP" 1 "UNTIL" R "DO" 
"BEGIN" "PRINT' "lA'SIN MODE SHAPE' ,SAMELlNE,DIGITS(2), 
"END" ; 
I, "L2'FREQUENCY =',FREEPOINT(5),SQRT(FR[I,1])/2/PI; 
"FOR" J:=1 "STEP" ~ "UNTIL" R "DO" 
"PRINT' "L 'A' ,SAMELlNE,DIGITS(2) ,J, "5'='S'" 
SCALED(4),X1[J,C[I,1]]; 
"lP' Gl=O "THEN" "GOTO" AGAIN; 
"lP' R<G2 "THEN" G3:=R "ELSE" G3:=G2; 
"FOR" I:=G1 "STEP" 1 "UNTIL" G3 "DO" 
"BEGIN" "REAL" SUM,STORE,POINT; 
"INTEGER" P, V, W; 
SETORIGIN(lOO,O); 
WAY(O,5); 
!.t)VEPEN(O,20); DRAWLlNE(O,O); 
DRAWLlNE(20,O); MOVEPEN(2960,O); 
DRAWLlNE(2980,O); DRAIVLlNE(2980,20); 
MOVEPEN(2980,2080);DRAWLlNE(2980,2100); 
DRAIVLlNE(2960,2100) ; MOVEPEN(20 ,2100); 
DRAWLlNE(O,2100); 
!.t)VEPEN(O,l040); 
SETORIGIN(450,O); 
DRAIVLlNE(O,2080) ; 
"FOR" W:=O "STEP" 1 "UNTIL" 3 "00" 
"FOR" P:=O "STEP" 1 "UNTIL" 8 "00" 
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"BEGIN" DRAWLlNE(SO*P+450*W ,0); 
DRAWLlNE(SO*P+4S0*W,10); 
"END" ; 
"IF" P=O "THEN" DRAlVLlNE(SO*P+450*W,30); 
MOVEPEN(50*P+450*W ,0); 
DRAWLlNE(1800,0); DRAWLlNE(1800,30); 
MOVEPEN(1900,650); 
WAY(O,S) ; PUNCH(S); 
"PRINT' 'MODESHAPE' ,DIGITS(2), I; 
WAY(0,4); MOVEPEN(1900,S80); 
SCALED(4); 
"PRINT' 'RO = "RO;MOVEPEN(1900,540); 
"PRINT"A ="A; !.DVEPEN(1900,SOO); 
"PRINT"B =' ,B; MOVEPEN(1900,460); 
"PRINT' ' ALPIIA= ',F; !.DVEPEN(1900,420); 
.. ,......,. ' ~ ) 
"PRh.. BETA = ,G; MOVEPEN(1900,380 ; 
"PRINT"Yl = " Y1;MOVEPEN(1900,340); 
"PRINT' ''12 =','12;MOVEPEN(1900,300); 
" PRINT' 'D =' ,D;MOVEPEN(1900,260); 
" PRINT' 'H 
, 
= ,Hi MOVEPEN(1900,220); 
"PRINT' 'NU =',NU;MOVEPEN(1900,180); 
"PRINT' 'NUMBER OF TERMS = "DIGITS(2) ,R; 
MOVEPEN(1900,140); 
"PRINT' 'w = (R-RO)t"FREEPOINT(4),k; 
MOVEPEN(1900,100); 
"IF" Z=2 "THEN" 
"BEGIN" "PRINT' 'RATIO OF 
, 
MODES = ,E; 
It END" ; 
MOVEPEN(1900,60}; 
"PRINT' 'PHASE ANGLE =' ,DIGITS(2) ,PHASE, 
, DEGREES'; 
"IF" Z=O "OR" Z=2 "THEN" 
"BEGIN" MOVEPEN(1900,10); 
"PRINT' 'COS MODE'· ,
MOVEPEN(1900,-30); 
"PRINT' 'FREQUENCY =' ,FREEPOINT(S), 
SQRT(FR[I,O])/2/pI,' HZ'; 
"FOR" J:=l "STEP" 1 "UNTILII R HDd' 
"BEGIN" MOVEPEN(1900,-30-40*J}; 
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"PRINT" 'A' DIGITS(2) J ' -' , , , , 
SCALED(4),XO[J,C[I,O]]; 
11 END" ; 
11 END" ; 
"IF" 2';: 1 "OR" 2';:2 "THEN" 
"BEGIN" MOVEPEN(1900,10-("IF" 2';:2 "THEN" 400 
"ELSE" 0»; 
fiEND" ; 
"PRINT" 'SIN MODE'; 
MOVEPEN(1900, (" IF" Z=2 "THEN" -430 
"ELSE" -30»; 
"PRINT" 'FREQUENCY =' ,FREEPOINT( 5) , 
SQRT(FR[I,l])/2/PI,' HZ'; 
"FOR" J:=l "STEP" 1 "UNTIL" R "00" 
"BEGIN" MOVEPEN(1900,-30-40*J-(" IF" Z=2 
"THEN" 400 "ELSE" 0»; 
IIEND" ; 
"PRINT" 'A',DIGITS(2),J, '=', 
SCALED(4),X1[J,C[I,l]]; 
MOVEPEN(900,-650); 
DRAWLlNE(900,650) ; 
WVEPEN(O,O) ; 
"FOR" V:=-180 "STEP" 1 "UNTIL" 180 "00" 
"BEGIN" SUM:=O; 
It END" ; 
"FOR" J:=l "STEP" 1 "UNTIL" R "00" 
SUM:=SUM+(" IF" 2';:0 "THEN" XO[J,C[ 1,0]]* 
COS(J*V*PI/180) "ELsE" "IF" 2';:1 
"THEN" X1[ J,C[ I,l]]*SIN(J*V*PI/180) 
"ELsE" "IF" PHASE=O 
"THEN" (XO[J,C[ I,O]]*COS(J*V* 
PI/180)+E*X1[J,C[I,1]]*SIN(J*V*PI/180» 
"ELSE" SQRT(XO[J,C[ I,O]]*XO[J,C[ I,O])*COS 
(J*V*PI/180)*COS(J*V*PI/180)+E*E*X1[J,C[ 
I,1]]*X1[J,C[I,l]]*SIN(J*V*PI/180)*SIN(J*V 
*PI/180)-2*XO[J,C[I,O]]*COS(J*V*PI/180)* 
E*X1[J,C[I,l]]*SIN(J*V*PI/180)* 
COS(PI-PI*PHASE/180»); 
DRAWLlNE(900+5*V,400*SUM); 
It END" ; 
"END" ; 
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DRAWLINE(1800,0); 
"IF" Z=2 "AND" PHASE "NE" ° "THEN" 
"BEGIN" MOVEPEN(O,O); 
tI END" ; 
"FOR" V:=-180 "STEP" 1 "UNTIL" 180 "00" 
"BEGIN" SUM:=O; 
"END" ; 
"FORti J:=l IISTEpt' 1 "UNTIL" R "00" 
SUM:=SUM-SQRT(XO[J,C[I,O]]*XO[J, 
C[I,O]]*COS(J*V*PI/180)*COS(J*V* 
PI/180)+E*E*X1[J,C[I,1]]*Xl[J,C 
[I,1]]*SIN(J*V*PI/180)*SIN(J*V*PI 
/180)-2*XO[J,C[I,0]]*COS(J*V*PI/180) 
*E*Xl[J,C[I,1]]*SIN(J*V*PI/180)*COS 
(PI-PI*PHASE/180»; 
DRAWLINE(900+5*V,400*SUM) ; 
DRAWLINE(1800,0); 
MOVEPEN(-350,1060); 
"00'1'0" AGAIN; 
NONDEF:"PRIN'I" "L4'NONDEF'· ,
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12.3 Listing of the program to evaluate the natural frequencies 
and mode shapes of a system consisting of a disc, a caliper 
and pads 
EIGENVALUES OF A SIMPLE MECHANISM OF BRAKE SQUEAL EIGHT DEGREES 
OF FREEDOM MAY 1970 12 251; 
"BEGIN" "REAL" Vl,V2,V3,Wl,W2,DET,MACHEPS; 
"INTEGER" I,J ,K,N,P,Q,R,S, T, COUNT, LOW, HI, lTERATIONS,RMAX; 
"REAL" "ARRAY" D[I: 16,1: 16], Y[I:34] ,G, WR, WI[I: 16]; 
"INTEGER" "ARRAY" IND[I:34] ,CNT, INT[ 1: 16] ,X[I: 100]; 
"COMMENT' INSERT PROCEDURES CDIV, BAlANCE, ELMHES, HQR2, 
ELMBAK, BALBAK; 
" 
.... , ) , ~ ...... " ... PRI,,. PUNCH(3, L , RMAX = ; 
"READ" READER(3) ,RMAX; 
MORE: 1:=1; 
"FOR" J:=1 "STEP" 1" UNTIL" 34 "DO" 
"BEGIN" IND[J) :=1; 
INSTRING(X,I); 
tI END"; 
ttREAD" MACHEPS,Kj 
"FOR" J:=1 "STEP" 1 "UNTIL" 34 "DO" "READ" Y[J]; 
"READ"P, VI, V2 ,Q, Wl,1V2,N; 
PUNCH(l) ; 
SAMELlNE; 
"PRINT' "L 'EIGENVALUES AND EIGENVECTORS OF A SIMPLE MECHANISM 
OF BRAKE SQUEAL 
I:=l; 
nFOR1t J:=1 tI STEp" 1 "UNTIL" 34 "001t 
"BEGIN" OUTSTRING(X, I) ; 
"PRINT' SCALED(4), Y[J], "L "; 
"END" i 
SETORIGIN(100,O); 
MOVEPEN(O ,20); 
DRAWLlNE(20,O) ; 
WAY(O,5) ; 
DRAWLlNE(O,O) ; 
MOVEPEN(2 960,0) ; 
DRAIVLINE(2980,O) ; 
MOVEPEN(2980,2080); 
DRAIVLINE(2960,2100) ; 
DRAWLINE(O,2100); 
MOVEPEN(O,400); 
IVAY(O,5) ; 
MOVEPEN(O,O); 
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DRAIVLINE(2980 ,20); 
DRA1VLINE(2980,2100) ; 
MOVEPEN(20 ,2100); 
DRAWLINE(O,2080); 
SETORIGIN(375,O); 
DRA1VLINE(O,10) ; 
"FOR" 1:=1 "STEP" 1 "UNTIL" 20 "00" 
"BEGIN" DRAWLINE(100*I,O); 
DRAWLINE(100*I,10); 
11 END'. ; 
MOVEPEN(1000,O); 
MOVEPEN(100*I,O); 
"FOR" 1:=1" STEP" 1 "UNTIL" 10 "00" 
"BEGIN" DRAWLINE(1000,100*I); 
DRAWLINE(1005,100*I); 
PUNCH(5) ; 
MOVEPEN(888,1300); 
"PRINT' # IMAGINARY'; 
MOVEPEN(950,1230); 
"PRINT' # AXIS'· ,
WAY(O,4) ; 
MOVEPEN(955,1050); 
"PRINT' #2.5.t04'; 
MOVEPEN(-25,-100); 
"PRINT' DIGITS (3) ,-RMAX; 
MOVEPEN(990,-100); 
"PRINT' #0'; 
MOVEPEN(1985,-100); 
"PRINT' DIGITS (3) ,RMAX; 
MOVEPEN(890,-200); 
WAY(O,5) ; 
"PRINT' #REAL AXIS'· ,
MOVEPEN(2050,1300); 
"PRINT' #12 25'; 
WAY(O,4) ; 
1:=1; 
8:=0; 
MOVEPEN(995,100*I); 
MOVEPEN(1000,100*I); 
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"FOR" J:=1 "STEP" 1 "UNTIL" 34 "00" 
"BEGIN" MOVEPEN(2050,1200-30*S); 
PUNCH(5); SAMELINE; SCALED(4); 
OurSTRING(X, I) ; 
"IF' J=P "THEN" 
"BEGIN" "PRINT' Vl; 
8:=5+1; 
MOVEPEN(2250,1200-30*S); 
"PRINT' V2; 
S:=S+1; 
MOVEPEN(22 50,1200-30* S) ; 
"PRINT' V1+(N-1)*V2; 
It END" It ELSEII 
"IF' J=Q "THEN" 
"BEGIN" "PRINT' 171; 
5:=5+1; 
MOVEPEN(2250,1200-30*S); 
"PRINI" 172; 
5:=5+1; 
MOVEPEN(22 50, 1200-30*S) ; 
"PRINT' 171+(N-1)*W2; 
U END" "ELSE" 
"PRINT' Y[ J]; 
S:=S+1; 
Y[P]:=Vl-V2; 
Y[Q] :=111-11'2; 
"FOR" COUNT:=1 "STEP' 1 "UNTIL" N "00" 
"BEGIN" "REAL" "ARRAY" F[1:16,1:16]; 
Y[P] :=Y[P] +V2; 
Y[Q] :=Y[Q]+II'2; 
"FOR" 1:=1 "STEP" 1 "UNTIL" 8 ttno" 
"FOR" J:=l "STEP" 1 "UNTIL" 8 liDO" 
"BEGIN' D[ I,J] :=D[ I,J+8] :=D[ I+8,J+8] :=0; 
D[I+8,J]:= "IF' I=J "THEN" 1 "ELSE" 0; 
ttEND't; 
PUNCH(1) ; 
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D[1,1]:=-CHECKR«Y[19]+Y[23])/Y[3]); 
D[1,5]:=-CHECKR(-Y[19]jY[3]); 
D[1,7]:=-CHECKR(-Y[23]jY[3]); 
D[2,2]:=-CHECKR«Y[20]+Y[24])/y[4]); 
D[2,5]:=-CHECKR(-Y[20]jY[4]); 
D[2,7]:=-CHECKR(-Y[24]/y[4]); 
D[3,1]:=-CHECKR(Y[27]*Y[25]*Y[19]/y[7]); 
D[3,3]:=-CHECKR(Y[30]*Y[30]*(Y[19]+Y[23])/y[7]/3); 
D[3,5]:=-CHECKR(-Y[27]*Y[25]*Y[19]/y[7]); 
D[3,6]:=-CHECKR(-Y[30]*Y[30]*Y[19]/y[7]/3); 
D[3,8]:=-CHECKR(-Y[30]*Y[30]*Y[23]/y[7]/3); 
D[4,2]:=-CHECKR(Y[27]*Y[26]*Y[20]/Y[8]); 
D[4,4]:=-CHECKR(Y[31]*Y[31]*(Y[20]+Y[24])/y[8]/3); 
D[4,5]:=-CHECKR(-Y[27]*Y[26]*Y[20]jY[8]); 
D[4,6]:=-CHECKR(-Y[31]*Y[31]*Y[20]/y[8]/3); 
D[4,8]:=-CHECKR(-Y[31]*Y[31]*Y[24]/y[8]/3); 
D[5,1]:=-CHECKR(-Y[19]/y[2]); 
D[5,2]:=-CHECKR(-Y[20]/y[2]); 
D[5,5]:=-CHECKR«Y[19]+Y[20]+Y[15])jY[2]); 
D[6,1]:=-CHECKR(Y[27]*Y[29]*Y[19]/y[6]); 
D[6,2]:=-CHECKR(Y[27]*Y[29]*Y[20]/y[6]); 
D[6,3]:=-CHECKR(-Y[19]*Y[30]*Y[30]/y[6]/3); 
D[6,4]:=-CHECKR(-Y[20]*Y[31]*Y[31]/y[6]/3); 
D[6,5]:=-CHECKR(-Y[27]*Y[29]*(Y[19]+Y[20])/y[6]); 
D[6,6]:=-CHECKR«(Y[30]*Y[30]*Y[19]+Y[31]*Y[31]* 
Y[20])/3+Y[16])jY[6]); 
D{7,1]:=-CHECKR(-Y[23]/y[1]); 
D[7,2]:=-CHECKR(-Y[24]/y[1]); 
D[7,7]:=-CHECKR«Y[23]+Y[24]+Y[11])/y[1]); 
D[8,2]:=-CHECKR(-Y[27]*Y[20]*(Y[25]+Y[26]+2*Y[29])/y[5]); 
D[8,3]:=-CHECKR(-Y[23]*Y[30]*Y[30]/y[5]/3); 
D[8,4]:=-CHECKR(-Y[24]*Y[31]*Y[31]jY[5]/3); 
D[8,5]:=-CHECKR(Y[27]*Y[20]*(Y[25]+Y[26]+2*Y[29])/y[5]); 
D[8,8]:=-CHECKR«(Y[30]*Y[30]*Y[23]+Y[31]*Y[31]*Y[24] 
)/3+Y[12])/y[5]); 
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D[1,9]:=-CHECKR«Y[17]+Y[32]+Y[21])/y[3]); 
D[1,11]:=-CHECKR(Y[30]*Y[32]/y[3]); 
D[1,13]:=-CHECKR(-Y[17]/y[3]); 
D[1,15]:=-CHECKR(-Y[21]/y[3]); 
D[2,10]:=-CHECKR«Y[lS]+Y[33]+Y[22])/y[4]); 
D[2 ,12] :=-CHECKR(Y[31]*Y[33]/y[4]); 
D[2,13]:=-CHECKR(-Y[lS]/y[4]); 
D[2,15]:=-CHECKR(-(Y[22]+Y[33])/y[4]); 
D[2,16]:=-CHECKR(-Y[31]*Y[33]/y[4]); 
D[3,9]:=-CHECKR«Y[27]*Y[25]*Y[17]+Y[30]*Y[32])/y[7£); 
D[3,11]:=-CHECKR(Y[30]*Y[30]*(Y[17]+Y[21]+3* 
Y[32])/y[7]j3) ; 
D[3,13]:=-CHECKR(-Y[27]*Y[Z5]*Y[17]/Y[7]); 
D[3,14]:=-CHECKR(-Y[30]*Y[30]*Y[17]/y[7]/3); 
D[3,16]:=-CHECKR(-Y[30]*Y[30]*Y[21]/y[7]j3); 
D[4,10]:=-CHECKR(Y[31]*Y[33]/y[S]+Y[27]*Y[26]*Y[lS]/y[S]); 
D[4,12]:=-CHECKR(Y[31]*Y[31]*(Y[lS]+Y[22]+3* 
Y[33])/y[S]j3) ; 
D[4,13]:=-CHECKR(-Y[27]*Y[26]*Y[lS]/y[S]); 
D[4,14]:=-CHECKR(-Y[31]*Y[31]*Y[lS]/y[S]j3); 
D[4,15]:=-CHECKR(-Y[31]*Y[33]/y[S]); 
D[4,16]:=-CHECKR(-Y[31]*Y[31]*(Y[22]+3*Y[33])/y[S]/3); 
D[5,9]:=-CHECKR(-Y[17]/Y[2]); 
D[5,10]:=-CHECKR(-Y[lS]/y[2]); 
D[5,13]:=-CHECKR«Y[17]+Y[lS]+Y[13£)/y[2]); 
D[5,14]:=-CHECKR(2*Y[27]*Y[2S]/y[2]); 
D[6,9]:=-CHECKR(Y[27]*Y[29]*Y[17]/y[6]); 
D[6,10] :=-CHECKR(Y[27]*Y[29]*Y[lS]/y[ 6]); 
D[6,1l]:=-CHECKR(-Y[30]*Y[30]*Y[17]jY[6]j3); 
D[6,12]:=-CHECKR(-Y[31]*Y[31]*Y[lS]/y[6]j3); 
D[6,13]:=-CHECKR(-Y[27]*Y[29]*(Y[17]+Y[lS])/y[6]); 
D[6,14]:=-CHECKR«(Y[30]*Y[30]*Y[17]+Y[31]*Y[31]* 
Y[lS])j3+Y[14])jY[6]); 
D[7,9]:=-CHECKR(-Y[21]/y[1]); 
D[7,10]:=-CHECKR(-(Y[22]+Y[33])/y[1]); 
D[7,12]:=-CHECKR(-Y[31]*Y[33]jY[1]); 
D[7 ,14] :=-CHECKR(-Y[27] *Y[2S]jY[1]); 
D[7,15]:=-CHECKR«Y[21]+Y[22]+Y[9]+Y[33])jY[1]); 
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D[7,16]:=-CHECKR«Y[31]*Y[33])/y[1]); 
D[8,10]:=-CHECKR«-Y[27]*Y[18]*(Y[25]+Y[26]+2*Y[29])-
Y[31]*Y[33])/y[5]); 
D[8,11]:=-CHECKR(-Y[21]*Y[30]*Y[30]/y[5]j3); 
D[8,12]:=-CHECKR(-(3*Y[33]+Y[22])*Y[31]*Y[31]/y[5]j3); 
D[8,13]:=-CHECKR(Y[27]*Y[18]*(Y[25]+Y[26]+2*Y[29])/y[5]); 
D[8,15]:=-CHECKR«Y[31]*Y[33])/y[5]); 
D[8,16]:=-CHECKR«(Y[30]*Y[30]*Y[21]+Y[31]*Y[31]*(Y[22] 
+3*Y[33]»j3+Y[10])/y[5]); 
"COMMEN'l" THIS FILLS THE MASS, DAMPING AND STIFFNESS 
MATRICES, ASSUMING UNIT MASS MATRIX; 
BAIANCE(16,2,D,LOW,HI,G); 
ELMHES(16,LOW,HI,D,INT); 
HQR2(16,LOW,HI,MACHEPS ,D, WR, WI, CNT,F ,FAIL); 
ELMBAIC(LOW ,HI, 16,D, INT,F); 
BALBAK(16,LOW ,IH, 16,G,F); 
"FOR" J:=l" STEP" 1 "UNTIL" 16 "00" 
"BEGIN" "IF' WI[ .1]>0 "THEN" 
"END" ; 
MOVEPEN(iOOO+WR[ .1]*lOOOjRMAX, WI[ J]j25); 
"IF' COUNT=l "THEN" CENCHARACTER(l) 
"ELSE" CENCHARACTER(2); 
SAMELlNE; 
PUNCH(l) ; 
. "PRINT" "L4' .... , 
R:=IND[P] ; 
OurSTRING(X,R); 
"PRINT' SCALED (4) , y[p], "12"; 
T:=IND[Q]; 
OurSTRING(X, T); 
"PRINT' SCALED(4). Y[Q], "12"; 
"PRINT' "12' R ROOT I ROOT EIGENVECTOR'12"· 
• 
"FOR" 1:=1 "STEP" 1 "UNTIL" 16 "00" 
"BEGIN" "PRINT' SCALED(4), l'IR[ I]." 52", WI[ I]; 
"IF" 1(=16 "THEN" 
"Fonl! J:=l "STEP' 1 "UNTIL" 16 "00" 
"PRINT' SCALED(6),"L" ,F[ J, I]; 
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"IF" K=8 "THEN" 
"FOR" J:=9 "STEP" 1 "UNTIL" 16 "00" 
"PRINT" SCALED(3),"S2",F[J,I] "ELSE" 
"FOR" J:=9 "STEP" 1 "UNTIL" 16 "00" 
"IF" lVR[I]>O "THEN" 
"PRINT" SCALED(3),"S2",F[J,I]; 
"PRINT" 
"END" ; 
.looTO'1 OUT; 
"1.,2, .... 
, 
FAIL:"PRINT" PUNCH(l),"12 'Il.QRZ FAILURE'; 
OUT:" END" ; 
MOVEPEN(O,1700); 
"PRINT" ~ ~L5R100HR50" ; 
,t GOTOn MORE; 
tlENrI' ; 
12.4 
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Check calculations of the general eigenvalue and eigenvector 
procedure 
The procedures used for obtaining the roots of the 
characteristic equation and the mode shapes were obtained from 
Dr. Wilkinson, author of Reference 34, and consist of procedures 
for manipulating the matrix into the required form, obtaining the 
eigenvalues and eigenvectors and then putting the eigenvectors into 
terms of the original co-ordinates. Although these are highly 
reliable procedures, there can be problems in obtaining high accuracy, 
particularly with so much matrix manipulation, So a number of numerical 
checks were made in order to verify that the accuracy was sufficient 
under the circumstances when instabilities occurred. 
These checks were achieved by constructing matrices with 
known eigenvalues and eigenvectors typical of the unstable situation. 
In particular, all roots of the characteristic equation have small 
real parts, and when the system becomes unstable, the real part of 
one complex pair becomes positive; also, at instability, there is 
another pair of complex conjugate roots with imaginary part equal, or 
nearly equal, to the imaginary part of the complex pair with small 
real part. 
Two numerical cases are examined. The first has a repeated 
root in an uncoupled set of equations, and the second has one pair 
of roots of realistic magnitude in a coupled set of equations. 
The caSes and calculations are presented here and indicate 
that the procedures extract eigenvalues and eigenvectors to a high 
degree of precision under these circumstances. It is assumed that 
if the procedures are accurate for these cases, they will be 
sufficiently accurate for all the Cases considered subsequently. 
The first case considered checks the accuracy of calculation 
of a repeated complex conjugate root with a small real part; this 
represents the worst case to be encountered in the calculations of 
the sat of equations. 
Take roots as follows. 
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has eigenvalues of the required magnitude. Since the degrees 'of 
freedom are uncoupled, the eigenvectors will have single non-zero 
terms with all other terms equal to zero, and the non-zero term, if 
correctly normalised, should be equal to one. 
The eigenvalues and eigenvectors are laid out below and, as 
can be seen, the calculated figures are correct to twelve places of 
decimals and the normalisation correct to eleven figures. 
Eigenvalues 
Actual Calculated 
1 + 1000i 1.00000000000 + 1000.00000000i 
1 1000i 1.00000000000 1000.00000000i 
1 + 1000i 1.00000000000 + 1000.00000000i 
1 1000i 1-.'00000000000 1000.00000000i 
-10 + 2000i -10.0000000000 + 2000.00000000i 
-10 2000i -10.0000000000 2000.00000000i 
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Eigenvectors 
Actual -1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 -1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 -1 0 
0 0 0 0 0 1 
The calculated eigenvector is 
-.999999999996 0 0 0 0 0 
0 1.00000000000 0 0 0 0 
0 0 -.999999999996 0 0 0 
0 0 0 1.00000000000 0 0 
0 0 0 0 -.999999999996 0 
0 0 0 0 0 1.00000000000 
The second numerical example chosen takes a more diffuse 
matrix with coupling terms; consider roots as follows. 
Roots Quadratic characteristic equation 
2 
~' ~h • ~ 1 
1 + 1000i )." l~ • 1000001 . 
1 - 1000i 
0 k~ 
0 
A. , >-, • 1). ~ 1 >. - , 
1\ . ~ A' • '2.~ .. \00000'1. 
represents the characteristic equation of 
.. 
... ... 
• 
" 
, 0 
.. 
.. 
'1 ~ 1000001. "I • 0 
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or 
.. 
1 o x 
-3 1 x 2 -1 x 
+ + = o 
. 
o 1 y 1 -2 Y -2 1000002 y 
Put z = x 
y 
x 
y 
This can be rearranged to give the following equation. 
uz + -3 1 2 -1 0 0 Z = 0 
1 -2 -2 1000002 0 0 
-1 0 0 0 0 0 
0 
0 
0 
The 
considered. 
""/1-
If >, = 
Z 
If >-- = 2 
-1 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
eigenvalues of this matrix will be the roots initially 
Eigenvectors are given by 
1 then "/~ 
= -1000001 
1 
-1000001 
1 
0 
0 
then " l'l • .., 
• 
A' .'2.A • \ocoD01. I. 
fA-"!. 
I 000 DOl 
z = 2 
o 
1 
o 
o 
o 
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If ~ = 1 + 1000i then x/y = i/(1000 + i) = (1000i + 1)/1000001 
Putting y = 1 
x = (1000i + 1)/1000001 
Y = 1 + 1000i 
x = (1000i + 1)t2/1000001 = (-999999 + 2000i)/1000001 
and 
z = -999999/1000001 + 2000/1000001 i 
1 + 1000 i 
1/1000001 + 1000/1000001 i 
1 
0 
0 
Likewise, if A = 1 - 1000i then x/y = i/(-1000 + i) 
Putting Y = 1 
x = (-1000i + 1)/1000001 
Y = 1 - 1000i 
= -(1000i - i)/1000001 
x = (1 - 1000i)t2/1000001 = (-999999 - 2000i)/1000001 
and 
z = -999999/1000001 
1 
~/1000001 
1 
o 
o 
2000/1000001 
1000 
~ 1000/1000001 
i 
i 
i 
The results from the procedure are given below and are com-
pared with the actual values. The eigenvectors as output by the 
procedure had to be multiplied by a factor ~~& which was calculated 
so that the terms on the main diagonal of the eigenvector matrix 
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would be identical in both the actual and the calculated matrices. 
Comparison of the nondiagonal terms between the two matrices thus 
gives the accuracy with which the eigenvectors have been calculated. 
Eigenvalues 
Actual 
2 
1 
1 + 1000i 
1 - 1000i 
o 
o 
Actual eigenvector 
2 
-1000001 
2000 
-999999 
o 
o 
o 
1 
1000001000 
10000001 
o 
o 
Calculated eigenvector 
3.110-11 
1 
-1000001 
1000 
-1 
o 
o 
Calculated 
2.00000000001 
0.99999999989 
1.00000000000 + 1000.00000001i 
1.00000000000 - 1000.00000001i 
0.00000000000 
0.00000000000 
o 
1 
o 
1000001 
o 
o 
o 
o 
o 
o 
o 
o 
o 
o 
o 
o 
o 
1 
2.00000000001 
999974.181423 
-999999.000011 
o 
o 
1 
1000001.08989 
o 
1.00000000002 1. :;"-17 0 
999974.181446 0.999973181464 0 
0.999999749943 -1000001.00008 0 
o 0 1 
o 
o 
o 
o 
1 o o o o 
The least accurate eigenvector is that in row two which is 
accurate to rather better than 3 parts in 105. Clearly the procedures 
are less accurate for the more diffuse matrix, and the accuracy in a 
well distributed 16 by 16 matrix will be less good than three parts 
in 105. However, since accuracies of 1% or thereabouts are certainly 
good enough for examining the stability of the set of equations, there 
is little doubt that the accuracy of the eigenvectors and eigenva1ues 
as found by these procedures will not present a problem. 
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12.5 Experimental details of the determination of system 
parameter values 
12.5.1 Pad moment of inertia 
The radius of gyration was measured by swinging the pad 
about both ends and calculating, from the measured periods, the 
radius of gyration about the required axis through the centre of 
gravity. Since all the pads have the same geometric shape and 
approximately the same density, the radius of gyration was 
calculated for one pair of pads only and this value was assumed 
to be the same for all pads. 
Pad Xl 
Distance between pivots = 10.0 
Pivot at the light end 
Time for 30 swings 
lfuan time for 30 swings 
Frequency 
Pivot at heavy end 
Time for 30 swings 
Mean time for 30 swings 
Frequency 
Pad X2 
Distance between pivots 
Pivot at light end 
Time for 30 swings 
Mean time for 30 swings 
Frequency 
Pivot at heavy end 
Time for 30 swings 
Mean time for 30 swings 
Frequency 
= 10.0 
cms Mass = 0.2082 kg 
= 15.0, 15.1, 
= 15.1 sec 
= 1.987 Hz 
= 14.8, 14.9, 
= 14.9 sec 
= 2.013 Hz 
cms Mass = 
= 15.2, 15.1, 
= 15.17 sec 
= 1.978 Hz 
= 15.0, 14.9, 
= 14.97 sec 
= 2.005 Hz 
15.2 
15.0 
0.2078 kg 
15.2 
14.9 
sec 
sec 
sec 
sec 
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For a distributed body swinging about a point S distance 
1 from the centre of gravity and executing small oscillations, the 
frequency of swing, W$ , in radians/sec is given by 
W~ JM~t/-r~ 
Tt M')t/ ' '->, 
1 .. , M ( ~~'->.' . t' ) 
Denoting the light end by the subscript 1 and the heavy end by 
the subscript 2 
t: .t~ ... ~ 
-
t: 
""'1~ w,'" \0 
But t, , O· \ 
-
.t, 
\!:. ~ , ~ (0.\ -~. ) (CH - .e.,)' 
\.I.)S,' • • W$",' 
.12.5.1 
~ . t' 0'\ ~ ~l, ~ • 0 \ 
" 0·1. -t, - .t~ 
-~.' ""S,,' t.J"," 
t ( ~ • ~ 0·1. ) 0.\ ~ ':;;,\ - : - - 0·0\ wS,,\ w,s,,' 
Using the values given above for the frequencies of swing. 
For pad X1 t, = 5.10~0-2 m 
TI/M = 6.220'0-4 m" 
For pad X2 t, = 5.11~0-2 m 
'ts/I'I = 6.33010-4 m' 
... .. Mean value of the (radius of gyration) = 6.275,0-4 m 
The following table gives the pad masses and the pad moments of 
inertia. 
Pad 
Cl 
C2 
D1 
D2 
El 
E2 
G1 
G2 
Xl 
X2 
Mass kg 
0.1941 
0.1945 
0.1949 
0.1973 
0.2056 
0.2037 
0.2273 
0.2092 
0.2082 
0.2078 
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Moment of inertia 
10-4 kg.m .... 
1.218 
1.220 
1.223 
1.238 
1.290 
1.278 
1.428 
1.312 
1.307 
1.304 
The mass of a pad backing plate was calculated to be 0.129 kg. 
12.5.2 Caliper moment of inertia 
The radius of gyration of the caliper was measured by 
suspending the caliper on a knife edge from two points, one at 
each end of the aperture through which the disc protrudes, and 
also measuring the position of the centre of gravity relative to 
these two points by ascertaining the point at which plumb lines from 
the two points intersect. 
Swinging about A, distant .07138 m from the C.G. 
Time for 30 swings 
Mean frequency 
= 21.2 sec 
= 
21.1 sec 
21.1 sec 
1.417 Hz 
Swinging about B, distant .06799 m from the C.G. 
Time for 30 swings 
Mean frequency 
= 21.2 sec 
= 
21.1 sec 
21.0 sec 
1.421 Hz 
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The same equation, 12.5.1, as that used for calculating the 
moment of inertia of the pads applies in this case too. 
Substituting the measured values for w,and .(. gives 
Pivoting about A 
Pivoting about B 
Mean 
Mass of caliper, cylinder 
and other parts attached to 
the caliper 
Thus M. I. of caliper 
I/M = 3.744:10-3 m" 
I/M = 3.748,0-3 m' 
I/M = 3.74610-3 m'" 
= 1..651 kg 
= 6.l8~0-3 kg.m' 
It was uncertain whether the actuating piston vibrated with 
the caliper or with pad 1, so its moment of inertia was evaluated 
separately. During the correlation process, correlation was improved 
by assuming that the piston Was part of the caliper, and these are, 
therefore, the figures presented here. 
Actuating piston dimensions 
Outside diameter = 
Length = 
Cylinder wall thickness = 
End plate thickness = 
Thus 
Volume of the end plate = 
Volume of cylinder, length 33.5 mm = 
Piston mass = 
50.8 mm 
40.0 mm 
4 .. 1 mm 
6.5 mm 
1.317104 mm' 
2.015,.04 mm' 
0.2631 kg 
Taking distances from the open end of the actuating piston, 
as shown in Figure 12.5.1, the distance of the piston C.G. from the open 
end is given by 1 where 
= 24.65 mm 
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4" 
50·8 
4" 
6'5 
, 33-5 Q I 
dt (11L 
I I 
El 5 J 
. 
riguro 12.5.1 Schomatic reprosentation of the piston and pad 1. 
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The piston was then pivoted across its open face and timed 
for thirty swings. 
~~an tima for 30 swings 
Mean frequency 
Inertia of the piston 
about its open face 
= 12 .. 13/20 sec 
Hz 
= Mg1/Wt2 
kg.m' 
The caliper centre of gravity was very close to the open face 
of the actuating piston, thus the moment of inertia of the caliper and 
piston assembly can simply be obtained by adding together the moment 
of inertia of the caliper about an axis through its centre of gravity 
and the moment of inertia of the piston about an axis through its open 
face. 
Moment of inertia of the caliper assembly 
Mass of caliper assembly = 1.651 + 0.263 
= 1.914 kg 
12.5.3 Disc equivalent mass and moment of inertia 
Let it be assumed that the mass and moment of inertia which 
are used in the eight degree of freedom model to represent the disc 
mass and moment of inertia are those values which give the same total 
energy in the appropriate mode as is contained in the disc at the same 
amplitude. 
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Assume a radial mode shape, in the nomenclature of Section 2. 
':l 
Maximum Energy, T 
: 
= 
= 
"-A ( ... ~.) 
The centre of gravity of the pads and the disc segment is 
approximately at a radial distance of (~+b}/~ from the disc centre. 
If le ~ I and v. ~ D. , then the mean maximum disc amplitude is given 
• 
approximately by 
Thus the single degree of freedom with natural frequency p 
and maximum amplitude Pr/'\. (11 • ..,. \" has maximum energy given by 
where Mequ is the equivalent mass of the disc and is given by the 
expression 
1~1.. 1..-
\, 
I 1 Cn~ "e cI..S ~ 110: 11'\1'- 0 ~ (h ...... }~" ,,(..,. ~.) ~ • ~ 
L~ ii i " ~~ , -\~ 
.., (v. ".) cl... , (.-~.) 
.. 
1.'1 .. ~ l.~ where y , 1,,(v ..... ) cl". • (b - v. )'1.1£ 
.. 
y! 
..! 
This expression is independent of the mode order n. At the disc periphery 
the mode shape is given by 
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where n = Mode order 
s = Distance along the disc periphery 
A ~ (C') (~s)( \,~ If_)" 
A ~ (b~ ... )'t. 
(dy/ds)max gives the maximum angle of rotation of the disc 
periphery and the maximum angle of rotation at the centre of gravity 
is equal to half of this value.' 
Mean maximum disc angle = 
Maximum rotational energy of the disc = 
= Tbtal disc energy 
ntus 
I~ p' 
!.~ • 
Computed values of Iequ and Mequ are given in the table below in the 
nomenclature of the computer program for a range of mode orders 
using the following input parameters. 
Yl = Y2 = 80.4 kg/lll' 
A = 0.05237 m 
B = 0.1068 m 
RO = 0.0525 m 
ACC = 0.001 
ACC defines the accuracy of the integration procedure. 
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Value of k Iequ n;=2 Iequ n;=3 Iequ n;=4 Mequ 
10-3 kg.m 1.-3 kg.m 10-3 kg.m kg 
1.00 2.4383 1.0837 0.6095 0.855 
1.01 2.4239 1.0773 0.6059 0.850 
1.02 2.4097 1.0709 0.6024 0.845 
1.03 2.3956 1.0647 0.5989 0.840 
1.04 2.3817 1.0585 0.5954 0.835 
1.05 2.3680 1.0524 0.5920 0.830 
1.06 2.3545 1.0464 0.5886 0.825 
1.07 2.3411 1.0404 0.5852 0.820 
1.08 2.3278 1.0346 0.5819 0.816 
1.09 2.3147 1.0287 0.5787 0.811 
1.10 2.3018 1.0230 0.5754 0.807 
In fact, a better estimate of Mequ can be obtained by measuring 
the change in natural frequency when mass is added to the disc. 
Selected results from Sections 6 and 7 are used here in order 
to calculate values for the equivalent disc mass and moment of 
inertia to be used in the computer program of Section 3. The results 
used are the natural frequencies of the plain annular disc and the 
natural frequencies of the same disc with a mass of 0.4908 kg attached 
to it. 
The equivalent mass, Mequ, is then given by the mass which needs 
a mass of 0.4908 kg attached to it in order to change the natural 
frequency by the measured amount If f1 and f2 are the measured 
natural frequencies, then 
f112 = k I Mequ 
f212 = k I ( Mequ + 0.4908 ) 
Mequ = (0.4908 * f212 ) I( fl12 - f212 ) 
The results are tabulated below and shown graphically in Figure 12.5.2. 
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Figure 12.5.2 Plot of disc natural frequency against equivalent mass 
for a range of disc modes. 
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Mode order n fl f2 Mequ kg 
1. 1140 580 0.1713 
2 1837 1432 0.7607 
3 2977 2703 2.309 
4 4512 4300 4.854 
5 6518 6084 3.328 
6 8907 8461 4.536 
The disc squeals at approximately 2622 JiZ and for mode orders 
1 and 2. 
Mequ = 0.1713 kg 
Iequ = Mequ * bt2 / nt2 
= 0.1713 * ( 0.1068 )t2 kg.m~ 
= 1. 954w-3 kg.mv 
12.5.4 System stiffnesses 
0.7607 kg 
0.7607 * « 0.1068 )t2)/4 kg.m~ 
kg.m~ 
The caliper was connected hydraulically to the master cylinder 
by means of conventional Bundy tubing and, inserted in the line by 
means of a T piece and an additional length of tubing, was a Bourdon 
tube type of pressure gauge reading up to 300 psi. This gauge could 
be disconnected from the hydraulic circuit by a tap if higher pressures 
were required. 
The master cylinder was actuated by a screwed rod with a 
scale engraved on a handwheel at one end and the scale was read through 
lines scribed on a pair of perspex windows in order to eliminate the 
effects of parallax. The master cylinder was modified by the addition 
of a spring which pressed the fluid seal against the end face of the 
cylinder in order to eliminate fluid leakage at low pressures. 
The stiffness of the caliper was measured by first of all 
measuring the stiffness of the gauge and tubing without the slave 
cylinder attached. The caliper was then attached and a block of steel 
placed in the caliper instead of the usual pads and disc. Since the 
steel had a known, very high stiffness, this allowed the caliper 
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stiffness to be determined. The steel block was then replaced by 
the range of pads to be measured in turn, with the disc of course 
in its normal position, and the stiffness measured again for each case. 
This then allowed the static pad stiffnesses to be determined. During 
these measurements every care was taken to eliminate as much air as 
possible from the system. Most of the flexibility in the system was 
due to the gauge, since, not only does a Bourdon tube have an inherent 
flexibility, but it is also extremely difficult to remove all the air 
from such a tube. 
The stiffnesses were initially expressed in terms of gauge 
pressure against handwheel angle. The plot for the gauge, master 
cylinder and pipework only showed no hysteresis, but when the slave 
cylinder was attached and loaded against the steel block, hysteresis 
became apparent. At the forces involved, the stresses are low and 
the only source of hysteresis is from seal friction as the piston 
moves relative to the slave cylinder. Distortion of the seal, 
which normally gives running clearance to the disc, amounted to a 
rotation of the master cylinder hand wheel by about 250 degrees as 
shown below. 
By using the value of the slope on increasing pressure, the 
effect of seal friction can be eliminated as its only effect is to 
produce a zero shift. On reducing pressure however, the slope of the 
line is affected until the friction force is fully reversed after 
about 250 degrees rotation of the hand wheel when the two slopes were 
approximately the same again. 
The stiffness characteristics appear to be linear above 
about 200 pSi, and values between 200 psi and 300 psi have been 
used to obtain line fits. Examination of a typical characteristic 
shows that the pad stiffness is non-linear up to about 200 psi. 
Stiffnesses of the pads and ca1iper are thus obtained at 
zero frequency. How this varies with frequency is not known, but 
since the stiffness is non-linear, the changes due to frequency 
are likely to be much less than the changes due to the non-linearity 
and are therefore not determined. 
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The results of the stiffness measurements on the system are given 
below and are shown graphically in Figures 12.5.3 to 12.5.9. 
Block material Commercial quality mild steel 
Block hardness Vickers pyramid 191 
Young's Modulus for EN 2 Steel = 13,500 tons/in' 
= 2.0871011 Njm' 
which agrees with the range given by Kaye and Laby. 
Block width = 3.98710-2 m 
Slave cylinder diameter 
Slave cylinder area 
= 5.08:t0-2 m 
= 2.02~0-3 m' 
Ratio of master/slave cylinder dia-
meters = 0.375 
Assuming that the mean area of stress in the block is the same 
as the slave cylinder area 
Block compression 
At 300 psi, say 
Applied force 
Block compression 
Pitch of the master 
= Applied force * 3.98710-2/(2.0871011*2.02~0-3) 
= Applied force * 9.42810-11 m 
= 300 * 3.14159 * 0.454 * 9.81 
= 4.198103 N 
= 4.198:to3 * 9.428:to-ll 
= 3.958:t0-7 m 
cylinder actuating screw: 0.0625 * 0.0254 m 
Thus 360 degrees rotation of the actuating screw is equivalent 
to a displacement at the slave cylinder equal to 
0.0625 * 0.0254 * ( 0.375)12 m 
and the rotation of the master cylinder actuating screw required to 
give the slave cylinder a displacement equivalent to the compression 
of the steel block at 300 psi is equal to 
3.958:to-7 * 360 / ( 0.0625 * 0.0254 * ( 0.375 ) 12) degrees. 
This is equal to 0.6383 degrees and is clearly negligible; the steel 
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block may therefore be considered to be incompressible. 
The stiffnesses derived from the experimental data by 
fitting the best straight line to the data above 200 psi are given in 
the table below: 
Slope psi/degree RI.!S deviation (psi) 
Steel block .8066 .405 
Pads X .6138 .848 
Pads C .6451 .973 
Pads D .6596 .520 
Pads E ".6993 .879 
Pads G .6713 .749 
Pipework and gauge 1.'4336 .953 
The stiffness of one line relative to the other is obtained 
as follows. 
Consider lines with slopes a and b. 
At a particular force, p, stiffness a has deflected through 
pIa whilst stiffness b has deflected through pjb. The difference in 
deflections is caused by the additional stiffness in the system, s, where 
s = p / (pjb - PIa) 
= ab/ (a - b) 
1 psi is equivalent to 
1 degree is equivalent to 
454 * 981 * 3.14159ro5 N 
0.0625 * 2.54 * (0.375) / 36000 m 
at the slave cylinder 
Thus 1 psi/degree is equivalent to 
The slopes quoted above may thus be converted into the correct 
units and the component stiffnesses obtained, as given in the table 
below: 
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Total Stiffness N/m Individual Stiffness N/m 
Caliper 4.1~07 8.32107 
Pads X 5. 7~07 11. 5~07 
Pads C 7.27107 14.54t07 
Pads D 8.17107 16.34107 
Pads E 11.87107 23.73107 
Pads G 9.03107 18.0~07 
Figure 12-,'5.10 plots the actual stiffness for the caliper and 
Figure 12.5.11 plots the actual stiffness for the pads C. The accuracy 
of these plots is poor since Figure 12.5.10 is obtained from the 
difference between Figure 12.5.3 and Figure 12.5.4 and Figure 12.5.11 
is obtained from the difference between Figure 12.5.4 and Figure 12.5.6. 
It is to be noticed that the caliper stiffness is reasonably 
linear and that pads C exhibit non-linearity at low brake line 
pressures. 
After the rig had been used for making measurements on the 
squealing system, these stiffnesses were measured once more. The meas-
urements are displayed in Figures 12.5.12 to 12 .. 5.14 and are noticeably 
less stiff than the comparable figures for the original measurements: 
this is because a flexible hose was inserted in the system in order to 
facilitate work on the rig. The measurements for the brake line, gauge 
and master cylinder also include the slave cylinder on this occasion, 
but the slave cylinder was held in place by a massive vice and the 
additional flexibility caused by this must be extremely low. 
The caliper stiffness and pad C stiffness can be obtained by 
differencing as previously and the characteristics are shown in 
Figures 12.5.15 and 12 .. 5.16. The caliper is still reasonably linear, 
but the non-linearity of pads C is now more marked. 
The equivalent mass and moment of inertia of the disc for mode 
order 1 have been obtained in Section 5.3. The linear and rotary 
stiffnesses associated with these values are the stiffnesses required 
to give the correct natural frequency for mode order 1 for the plain 
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annular disc. The natural frequency for this mode is, from Section 6.2, 
1140 Hz .. 
Thus, the disc linear stiffness, KDL = 0.1713 * 4 n' * ( 1140 )12 
= 8.78E>.06 Njm 
and the disc rotary stiffness, KDR = 1.954t0-3 * 4 n' * ( 1140 )12 
= 1.002105 N.mjradian 
The natural frequency of mode order 2 is 1837 Hz, thus for mode 2 
The disc linear stiffness, KDL = 0.7607 * 4 n' * ( 1837 )12 
= 1.013108 Njm 
The disc rotary stiffness, KDR = 2.16~0-3 * 4 n" * ( 1837 )12 
= 2.88~05 N.miradian 
12.5.5 System damping 
Pad damping and disc damping were both measured by obtaining 
envelopes of the decay curves of oscillation in a reasonably pure 
mode. 
Relationships between the various measures of damping are 
given below 
Consider fII.~ . " .. ~~ • 0 
Put x = Ae 
A~ 
fII.~\ c.). ~ • 0 • .. 
-213-
For small c Decay envelope = 
•• ~/1M 
to 
Natural frequency w = fT7,.. 
Time between 
successive peaks = b /1 "Ilk. 
Critical damping = 'LIIt.M 
Logt.R, th~ Logarithmic Decrement, is defined as the logarithm 
of the ratio between amplitudes of successive peaks. 
time t=O and time t= ~~I"/M 
Thus Ratio, R = e,.%'" ,l"/~ 
t" "Ic~ 
= e. 
Log,R = Il." %":"io. 
• 
Specific Damping Capacity is defined as 4E/E per cycle. 
Ratio of successive energy peaks = 
Ratio of successive amplitude peaks = 
4rr %..:...t. , 2 L~ .. (l1_A%) 
, t l~. ( I - A%a) ~ 
• bS/e , 
These occur at 
,,,. e/2r-e-
Thus, % Critical Damping = 1/4~ * Specific Damping Capacity * 100 
Now put N = Number of oscillations required to halve the amplitude 
Hence RN = .1. 2 
N I..~. R = log ! 
\o~ .. t = ~/N log .1. 2 
% Critical Damping = ;\ ';'log R * 100 
= ;\;h log! * 100 
= 1l.038/N 
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Another definition of damping often used is Q where 
% Critical Damping = lOOj2Q 
= 50jQ 
In the cases considered here, it was straightforward to excite a 
reasonably pure mode and count the number of cycles of oscillation 
required to halve the amplitude of the oscillation; this was there-
fore the method adopted. 
Pad damping was measured by examining the output of an 
accelerometer screwed to one end of the pad in an area specially 
prepared to it to enSure correct seating; the heavier end was chosen 
to reduce the dynamic effects on the pad. The output of the acceler-
ometer was taken to a storage oscilloscope via an amplifier. The pad 
was suspended from a retort stand by a length of cord passing through 
a hole in the other end of the pad. 
By tapping the back of the pad at a point where the material 
was keyed to the back plate, this point being chosen in order to 
eliminate high frequency transients, the first bending mode of pad 
could be excited. The output display was a single shot triggered by 
the vibration itself, and a display of an exponentially decaying wave-
form was stored on the oscilloscope tube. A number of attempts were 
generally required to obtain an acceptable waveform without significant 
contributions from unwanted modes, but, when it was obtained, a 
decay envelope could easily be traced from the tube face and the 
natural frequency obtained by counting peaks from the image stored on 
the tube face. 
Disc damping was measured by exciting the disc at a natural 
frequency and then removing the vibrator and triggering the oscillo-
scope simultaneously. Decay envelopes for four modes were obtained 
in this fashion and show that the damping varies from mode to mode. 
Envelopes of both the disc and the pad damping are shown in 
Figures 12.5.17 to 12.5.22. 
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PAD XI PAD X2 
o 4 8 12 0 4 8 12 16 
MILLISECONDS (NOMINAL) 
PAD Cl PAD C2 
o 4 8 12 0 4 8 12 16 
MILLISECONDS (NOMINAL) 
Figure 12.5.17 Decay envelope for pads X and C. 
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PAD DI PAD DZ 
o <I 8 12 0 <I 8 12 16 
MILLISECoNDS (NOMINAL) 
PAD El PAD E2 
o 4 8 12 0 4 8 12 16 
MILLISECONDS (NOMINAL) 
, Figure 12.5.13 Decay envelopo for pads D and E. 
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PAD GI . PAD G2 
o 4 8 12 0 4 8 12 16 
MILL! SECONDS (NOMINAL) 
• DISC MODE 1 DISC MODE 2 
o 100 200 300 . 0 100 200 300 400 
MILLISECONDS (NOMINAL) 
. Fi~ure 12.5.19 Decay envelope :for pads G and disc modes 1 and 2. 
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DISC MODE 3 DISC MODE 4 
... 
o 40 80 120 0 40 no 120 160 
MILL! SECONDS (NOM II-.JA L) 
DISC MODE 5 
_. . 
o 40 1',0 120 160 
MILLISECONDS (NOMINAL). 
Figure 12.5.20 Decay envelopes fer disc modes 3, 4 and 5. 
o 
o 
• 
4 
4 
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8 12 0 4' 8 
.. MILLISECONDS (NOMINAL) 
PAD Cl 
70°C 
8 12 0 4 8 
MILLISECONDS (NOMINAL) 
12 
PAD Cl 
70°C 
12 
Figure 12.5.21 Decay envelopes for pads C·at 21°C and 70°C • 
16 
o 
o 
4 
4 
PAD C2 
21°C 
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8 12 0 4 8 
MILLISECONDS (NOMINAL) 
8 12 0 4 B 
MILLISECONDS (NOMINAL) 
PAD C2 
lloe 
12 
PAD C2 
70 0e 
12 
Figure 12.5.22 Decay onvelopos fo~ pads C at 21°C and 70°C. 
16 
16 
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Pad results 
Pad No. of div to Frequency 
halve amp 
Xl 2.3 4466 
X2 2.3 4514 
Cl 3,0 4126 
C2 2.5 4126 
D1 2.6 4368 
D2 2.8 4368 
El 2.5 4854 
E2 2.3 4612 
G1 1.3 4854 
Ga 1.7 4466 
Disc results 
Frequency Mode No. of div to 
No. 
6512 5 
4515 4 
4970 3 
1873 2 
1140 1 
Nominal time per division 
Time base of oscilloscope 
Actual time per division 
halve amp 
1.1 
1.3 
2.5 
1.5 
1.5 
Peaksj N C% 
div crit 
9.2 21.16 .5216 
9.3 21.39 .5160 
Mean .5138 
8.5 25.50 .4329 
8.5 21.25 .5194 
Mean .4761 
9.0 23.40 .4717 
9.0 25.20 .4380 
Mean .4548 
10.0 25.00 .4415 
9.5 21.85 .5052 
Mean .4733 
10.0 18.00 .6132 
9.2 15.64 ".7058 
Mean .6595 
Time to halve Cycles to C% 
amplitude halve amp crit 
.0227 147.8 .075 
.0268 121.0 .091 
.0515 152.9 .072 
.0780 143.3 .077 
.0780 86.19 .128 
= .002 sec. 
= 3% fast 
= .00206 sec. 
These figures agree well with the figures quoted in Reference 21, 
but are not in agreement with those quoted in Reference 35, which are 
quoted in terms of Specific Damping Capacity and seem unrealistically 
high. 
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Additional measurements were made on Pads C after they had 
spent a few weeks on the rig and were in a squealing condition. 
They were first measured at ambient, which was 21 degrees Centigrade, 
and secondly as they were cooling down from 90 degrees Centigrade at 
approximately 70 degrees Centigrade. 
given here: 
Pads at 21 degrees Centigrade 
Pad No. of div to Frequency 
halve amp. 
Cl 3.1 4029 
3.2 4029 
C2 3.3 3931 
3.3 3931 
Pads at 70 degrees Centigrade 
Cl 2.9 3884 
2.7 3884 
C2 3.0 3844 
3.2 3844 
The additional results are 
Peaks/ N C% critical 
div 
8.3 26.56 .4150 
8.3 26.56 .4150 
8.1 26.73 .4134 
8.1 26,73 .4134 
Mean .4142 
8.0 23.20 ".4757 
8.0 21.60 .5110 
7.9 23.70 .4658 
7.9 25.28 .4366 
Mean .4723 
These measurements were only intended to obtain approximate 
figures to insert in the mathematical model and are certainly not 
intended to be accurate measurements of the pad damping; not least 
because manipulation is required to obtain the damping in the requisite 
mode of vibration, and the theory of transferring measurements of 
damping in one mode to another mode is far from fully developed, as 
indicated in Reference 39. However, the indications are that the 
pad damping is reduced as the pad comes into a squealing condition 
and that the pad damping increases with temperature. 
The theory of structural damping is insufficiently developed 
to lay down a precise argument for calculating the damping in the 
compression mode, which is required here, from the data which has 
been obtained from the decay curves in the first beam mode; even 
the form of the mathematical argument which will give the correct 
value is open to doubt. However, the following argument is used 
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here to obtain approximate figures to insert in the mathematical 
model. 
Consider the pad pressed against a plane immoveable surface, 
Figure 12.5.23, and assume initially that, as given in Reference 38, 
where n = 2 
So that the damping, D, is independent of stress distribution. 
Although the pad is represented in the mathematical model 
simply as a lumped mass, and stiffness equal to the measured mass 
and stiffness, the pad actually has distributed mass and elasticity 
which are considered in more detail here. Since the pad is assumed to 
be pressed against a stationary plane, it is relatively straightforward 
to obtain an expression for equivalent mass. 
The equivalent mass is determined as the sum of the contribu-
tions of each part of the pad to the inertia forces, assuming that 
the equivalent mass is located in the region of the back plate. The 
back plate is assumed to contribute mass ~, and the pad material is 
assumed to contribute both. mass and stiffness. 
Consider a layer of thickness dy, distance from the stationary 
plane, and of area A, density f as shown in Figure 12.5.23. 
Mass of layer 
Contribution to inertia 
forces at backplate 
Total contribution of pad 
material to inertia forces 
~la.ss of pad material, m\. 
Total equivalent mass 
= 
= 
= 
= 
= 
= 
I 
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I 
'y 
1-----------__ +----. I dy 1--------------
Figuro 12.5.23 Genoral disc brake pad. 
R 30 264 H.M.L 
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The pads used in the swinging caliper brake fitted to the 
rig are not of constant thickness, but an approximate equivalent mass 
will still be obtained by using this expression • 
For pads C 
m .. = 
Thus m~ .. = 
• 129 kg 
.065 kg 
.161 kg 
Now consider a single degree of freedom system represented 
by 
mx + cx + kx 
Solution is given by 
At 
X = e where /.. 
so, for a lightly damped system 
Natural frequency, ... 
Critical damping 
= 0 
-. ... J Co \ - ".ItM 
= l.I>\ 
= 2mc.o 
Measured pad stiffness, when all the pad is in contact with 
the disc and the stiffness characteristic becomes linear, is equal to 
k where 
k = 1.454108 N/m 
Thus, if equivalent mass is denoted by m~, the natural 
frequency of the equivalent Single degree of freedom system f~ is 
"fr. 11.~~q .• '( /"'"'tr 
Measured percentage critical damping = .415 for pads C. 
Thus 
Damping at frequency f"1r = 0.8310-2 * (1.454108 * mequ )to.5 N/m/sec. 
Measured squeal frequency is 2622 Hz and since this is 
different from f~ , the required damping to give the same percent-
-226-
age of critical damping at this lower frequency is given by C where 
C = 0.8310-2 * (1.454,08 * mequ) 10. 5 * 26:!2 * 21T 
(1.454108 / mequ) to. 5 
= 0.8310-2 * 2622 * 2!i * mequ 
If mequ = 0.161 kg then 
C = 22.04 Nfm/sec 
When the stiffness of the pad is less than 1.454108 Nfm at low 
fluid pressures, this is because the pad is in contact with the disc 
over less than its full length. The pads C had a convex shape after 
they had been used in the rig for a period of time, so that initial 
contact only occured at the centre of the pad. 
Under these circumstances, strain energy is only stored in the 
part of the pad in contact with the disc and the stiffness is therefore 
reduced. Since damping is proportional to strain energy, it may be 
assumed that the damping coefficient has the same non-linearity as the 
stiffness and that 
Stiffness / Damping = Constant for a particular pad. 
Furthermore, the original assumption that 
,1), where ".'1. 
is not correct since, in general, n does not equal 2. In this case, 
the damping in a mode becomes a function of the stress distribution 
in that mode. 
A free bending mode of a beam has a central plane with zero 
stress and the stress increases towards the outer surfaces of the beam. 
A beam in compression has uniform stress distribution and is therefore 
more lightly damped. Quantitative values for the difference in 
damping between various modes are given in Reference 38, but, if n = 3, 
-227-
which is certainly not impossible for a material like brake lining, 
then the damping in a compression type of mode could be as low as 
one half of the damping in a bending mode. This illustrates that 
it is very important to measure the damping of a material in the 
mode of vibration in which the damping is required if accurate 
results are needed. Normally, at low stress, n = 2.4 for structural 
materials and this is still enough to give significant errors to 
estimates of damping if the incorrect mode is used. This accounts, 
at least in part, for example, in conflicting quotations for the 
damping of cast iron which are quoted in the literature. 
For the disc, damping of mode order 2 was measured as 0.146% 
critical. 
From Section 12.5.3 Mequ = 0.1713 kg 
Iequ = 1.95410-3 kg.m1,.. 
From Section 12.5.4 Disc linear stiffness = 8.786,06 N/m 
Disc rotary stiffness = 1.002105 N.m/radian 
Thus disc linear damping = 1.28t0-3 *2*( 8.786106 * 0.1713 )to.5 
= 3.139 N/m/sec. 
and disc rotary damping = 1.2810-3 *2*( 1.002105 * 1.95410-3 ) to. 5 
= 3.58210-2 N.m/radian/sec. 
The damping between the pad backing plate and the caliper can 
be assumed to be that of steel or fluid, the only two spring media of 
significance, since the rubber seals are of low stiffness and the 
deflections are small enough to ensure that seal friction makes ·no 
contribution to damping. Assuming that the damping is about 0,05% 
of critical since the mode of distortion is straightforward material 
compression, this gives a figure for the damping between pad and 
ca1iper of slightly mre than one tenth of the figure for pad damping 
which was 0.415% critical. Assuming that instability occurs at a 
stiffness between pad and caliper of less than 108 N/m, the approximate 
figure for damping between pad backing plate and caliper is given by 
Damping = 22,04 * ( 108 * 0.05 )/< 1.454108 * 0.415 ) 
= 2.0 N/m/sec 
-228-
12.6 Tabulation of the measured and predicted nodal positions and 
natural frequencies of the stationary disc. 
In the following sub-sections. the measured natural frequencies 
and the nodal positions for three disc conditions are tabulated against 
the corresponding predicted frequencies and nodal positions. The 
results are presented graphically in Section 6 where the results are 
also discussed and only the data from which the graphs are drawn are 
presented here. 
12.6.1 Uniform disc. 
Natural frequency 
1140 Hz 
Obscured by broad 
radial mode at 1255 
Hz and harmonic 
excitation of higher 
mode 
1837 Hz 
Very sharp 
2977 Hz 
Broad 
4512 
Sharp 
Nodal positions 
degrees 
79 
279 
47 
131 
229 
314 
37 
90 
147 
210 
267 
321 
23 
67 
112 
157 
201 
k 
1.03 
1.05 
1.09 
1.14 
Calculated Nodal 
position degrees 
90 
270 
44 
134 
226 
316 
29 
89 
150 
210 
271 
331 
22 
67 
112 
157 
203 
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Natural frequency Nodal positions k Calculated Nodal 
degrees position degrees 
247 248 
292 293 
336 338 
6518 Hz 18 1.:W 17 
54 54 
Sharp 90 90 
125 126 
162 162 
198 198 
235 234 
271 270 
307 306 
344 342 
8097 Hz 15 1.28 15 
46 45 
Sharp 75 75 
105 105 
136 135 
166 165 
195 195 
226 225 
256 255 
286 285 
316 315 
345 345 
12.6.2 Disc with Masses Attached 
If the line of k against frequency is used to predict to 
natural frequencies and mode shapes when the magnetic blocks are 
attached to the disc, the following results are obtained, as 
tabulated below and shown in Figures 6.3.1 to 6.3.7. 
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Measured Predicted 
Natural Nodal k Natural Nodal 
Frequency Position Frequency Position 
degrees degrees 
580 Hz 129 1.02 803 Hz 77 
Sharp radial 
" ---------- mode at about 
600 Hz which 
will alter nodal 
position 311 283 
1432· Hz 30 1.04 1517 Hz 27 
Moderately 137 123 
Sharp 228 237 
334 333 
2703 Hz 10 1.07 2622 Hz 18 
Sharp but 85 82 
difficult to 156 151 
judge exactly 210 210 
273 279 
350 342 
4300 Hz 13 1.12 4214 Hz 14 
60 61 
very obscure 109 111 
155 156 
196 205 
245 249 
292 299 
341 347 
6084 Hz In block 
region 1.19 6202 Hz 11 
48 49 
84 88 
Sharp 122 123 
Measured 
Natural 
Frequency 
8461 Hz 
Obscure 
Nodal 
Position 
degrees 
160 
197 
236 
273 
310 
In block 
region 
In block 
region 
39 
71 
100 
132 
164 
195 
224 
256 
288 
317 
In block 
region 
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k 
1.27 
12.6.3 Disc with pads and caliper attached 
Natural 
Predicted 
Nodal 
Frequency Position 
degrees 
8597 Hz 
162 
198 
237 
272 
310 
349 
9 
42 
74 
104 
135 
164 
196 
225 
257 
286 
318 
351 
The results are tabulated below and shown in Figures 6.4.1 to 
6.4.7. 
Measured 
Natural 
Frequency 
342 Hz 
Nodal 
Position 
degrees 
75 
269 
k 
1.00 
Natural 
Predicted 
Nodal 
Frequency Position 
degrees 
477 Hz 73 
287 
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Measured Predicted 
Natural Nodal k Natural Nodal 
Frequency Position Frequency Position 
degrees degrees 
1630 Hz In pad region 1.04 1484 Hz 19 
128 119 
223 241 
In pad region 341 
2460 Hz In pad region 1.07 2549 Hz 15 
76 79 
125 150 
226 210 
287 281 
In pad region 345 
4451 Hz In pad region 1 .. 12 3981 Hz 13 
63 57 
109 107 
152 155 
195 205 
241 253 
287 303 
In pad region 347 
5216 Hz In pad region 1.17 5694 Hz 12 
59 45 
100 82 
137 121 
178 160 
219 200 
262 239 
299 278 
In pad 315 
region 348 
Measured 
Natural 
Frequency 
7520 Hz 
Nodal 
Position 
degrees 
In pad 
region 
67 
102 
135 
167 
199 
231 
266 
299 
In pad 
region 
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k 
1.25 
Predicted 
lhtural 
Frequency 
7988 Hz 
Nodal 
Position 
degrees 
11 
36 
69 
102 
132 
165 
195 
228 
258 
291 
304 
349 
-234-
12.7 Instability of non-conservative systems 
The discussion in this Appendix is based largely on References 
32 and 42 by G.T.S.Done. 
The general equation of motion of a dynamic system without an 
external forcing function is given by 
where C = Damping matrix 
K = Stiffness matrix 
Z = Vector of n degrees of freedom 
This can be rearranged to give 
u 
o 
o 
u 
z 
z 
-C 
U 
-K 
o 
where U is the unit matrix and the eigenvectors of 
-C -K 
U 0 
z 
z 
= 0 
give the normal modes of the system and the eigenvalues give the 
natural frequencies. 
12.7.2 
Considering first the undamped case, C = 0, if there are no 
external forces, K is a symmetric matrix and the system is conservative. 
In the set of equations representing the brake system, all 
the terms in r are asymmetric terms and, assuming zero damping, the 
equations could be written 
.. 
Z + KZ + K'Z f = o 12.7.3 
where K is symmetric and K' is asymmetric. 
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If the roots of the equation 
Z + KZ = 0 12.7.4 
are plotted for a particular parameter variation, for example pad 
stiffness, it will be found that, for certain parameter combinations, 
pairs of roots will cross over as indicated schematically in Figure 12.7.1. 
Reference 32 indicates that the roots of the equation 12.7.3 will 
behave similarly except in the region where the two roots cross over 
and the non conservative aspects of the system become evident. In 
this region, the terms inJA have a profound effect and the behaviour 
of these two roots can be considered in isolation to the other roots. 
The study of the multi-degree of freedom system can thus be reduced 
to a study of the stability of a simple binary system. 
The reasons for this become clear by considering an n degree 
of freedom system with a lightly coupled mode added. The determinantal 
form of the characteristic equation of the n degree of freedom system 
is 
• 0 12.7.5 
). \ H ....... 
and the factorised form is 
(~~+u>~) • 0 12.7.6 
Now let an extra mode with suffix 0 be added. Equation 12.7.5 
becomes 
).~. C ... t. : 0 12.7.7 
FREQUENCY 
Figure 12.7.1 
Figure 12.7.2 
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PAD STIFFNESS 
Illustration of the variation of system natural 
frequencies with pad stiffness. 
Wc 
Illustration of a characteristic equation with a 
repeated root. 
-237-
which can then be expanded to 
.. ~Ol ('0 c,.,," 
c,. At.c" .. " "0 12.7.8 
If all the ~ coefficients are zero, mode 0 is uncoupled and 
the plot of frequencies against some parameter, say pad stiffness, is 
the same as for the n degrees of freedom system with the frequency 
\ 
of mode 0, .... 'C.. , superimposed, crossing some or all of the other 
frequencies. 
If the r coefficients are non zero, mode 0 is coupled to the 
other modes and a particular frequency crossing can be examined in 
more detail. At the crossing of mode 0 and mode 1, the common 
frequency, w., is given approximately, for small ~ , by 
where 
and 
\ 1», 
Equation 12.7.8 can then be written as 
• 0 
t .. c:.. c." . ~.' 
12.7.9 
+ 
the expression for I being obtained by substituting C,. for >..' in 
the determinants, this being the approximate value in the region of 
interest and i being a small quantity. 
If ! = 0, Equation 12.7.9 has repeated roots at ~''''. and 
the characteristic equation will be as in Figure 12.7.2. It can be 
seen that, if f < 0, the repeated root becomes a pair of complex 
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conjugates, and instability occurs. Conversely, if f > 0, the ~ 
are real and the frequencies approach but do not cross or coalesce. 
Thus, the value of i controls the stability in the regions where 
natural frequencies become equal, and, since it is only the behaviour 
of one pair of roots that is of interest at this point, the mathematics 
of the instability is essentially the mathematics of a binary system. 
It appears, therefore, that the instability of a multi-degree 
of freedom system occurs in a binary like form and that investigation 
of binary instability, first in the undamped form and then in the 
damped form, will give considerable insight into the mechanism of 
general multi-degree of freedom instability. 
system. 
where 
and 
Consider, then, the equations of motion for an undamped binary 
All 
A21 
A12 
A22 
Ql 
Q2 
+ Cll 
C21 
C12 
C22 
Q1 
Q2 
The characteristic equation reduces to 
P4 A~ + P2 >'" + PO = 0 
All*A22 A12*A21 
= o 
P4 = 
P2 = 
PO = 
Al1*C22 + A22*Cll - A12*C21 - A21*C12 
Cll*C22 C12*C21 
= t J -P2:t J (P2*P2 - 4*P4*PO) /2*P4 
12.7.10 
12.7.11 
Oscillatory instability exists whilst (P2*P2 - 4*P4*PO) < 0 
The general solution then consists of divergent oscillations 
combined with decaying oscillations and it can be seen that the imaginary 
parts of the roots have coalesced. Assuming that divergent instabilities 
are not physically possible, the only alternative solutions to the 
equations are 
: 1\1», 
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which are the continuing steady oscillations at two frequencies 
superimposed upon one another. At incipient instability w, .... , ~ w .. , 
and the general solution is 
which can give a linearly increasing oscillation for suitable 
initial conditions. 
If co-ordinates Ql,Q2 are normal co-ordinates, then 
A12 = A21 = 0 
and the condition (P2*P2 - 4*P4*PO) < 0 reduces to 
( (All*C22 - A22*Cll)t2 + 4*All*A2Z*C12*C21 ) < 0 
Incipient instability occurs for 
C12*C21 = - (All*C22 - A2Z*Cll)tZ / (4*All*A22) 
and variations of C12*C21 from this value control the stability of 
the binary system in the same way that ~ controlled the stability 
of the multidegree of freedom system. The roots of the binary system 
expressed as a frequency plot and as a plot of the characteristic 
equation are shown in Figure 12.7.3 for neutral stability, incipient 
instability and instability. 
Damping may be added to the system such that the damping matrix 
C is a scalar multiple of the mass matrix, which, in the set of equations 
referring to the brake system, is the unit matrix, and the set of 
equations becomes 
z + c Z + K Z = 0 
This is known as balanced damping and the frequency coalescence 
conditions are the same as for the undamped system with stiffness 
matrix K - U * ( c*c/4). It can be shown that, for low damping, the 
effect of introducing this balanced damping is simply to impose a 
R,I 
I 
I 
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:STABILlTY 
I 
I INCIPIENT I INSTABILITY 
INSTABILITY 
KPCRIT PAD STIFFNESS 
'Figuro 12.7.3 Illustration of oigenvalues and tho characteristic 
equation for three different stability states. 
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real shift of cj2 onto the eigenvalues of the undamped system and 
the eigenvectors remain unaltered. 
This is clearly true for a single degree of freedom system 
and can be demonstrated for a multi-degree of freedom system as 
follows. 
The characteristic equation 12.7.13 can be written in 
determinantal form as 
• Q 
which can be re-written as 
~'" 
• 0 
where and is a real number for low damping. 
Now put , /" 
and the characteristic equation becomes 
, le,' r + • 0 
This is equivalent to the characteristic equation of an 
undamped system with the stiffness Ic •• replaced by t J 4k.. - r: 
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and the eigenvalue moved by c/~ in the negative real direction. 
The effect of balanced damping is shown schematically in 
Figure 12.7.4 and it can be seen that the roots all lie on a straight 
line through the origin. 
The effect of unbalanced damping is broadly similar to balanced 
damping, but cannot be treated analytically. By solving a number of 
cases numerically, it can be shown that balanced damping introduces a 
fairing off effect in the divergence of the roots as illustrated 
schematically in Figure 12.75.5 and the roots no longer lie on a 
straight line through the origin, since the modes appropriate to each 
root will have different amounts of damping present. 
In general, this fairing off effect will not be Significant, 
but if the pair of roots, the imaginary parts of which are going to 
coalesce, are lightly damped and therefore close to the imaginary axis, 
the effect can be significant. This effect is illustrated schematically 
in Figure 12.7.5 and shows that, for a particular parameter sweep, the 
effect of unbalanced damping can be to make the root cross the imaginary 
axis for a greater range of parameter values than previously. The 
additional damping required to unbalance the system is thus 
destabilising. 
Additional discussion and explanation of the destabilising 
effects of damping, with particular reference to a two degree of 
freedom system under the influence of a follower force, is given in 
References 43, 44, 45, and 46. 
Figure 12.7.4 
/ 
Figure 12.7.5 
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Schematic plot of root movements in the complex 
plane for balanced damping. 
\ 
I 
I 
I 
Schematic plot of root movements in the complex 
plane for unbalancod damping. 
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